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Abstract 

A generalization of the usual ideles group is proposed, namely, we construct 
certain adelic complexes for sheaves of -fC-groups on schemes. More generally, such 
complexes are defined for any abelian sheaf on a scheme. We focus on the case 
when the sheaf is associated to the presheaf of a homology theory with certain 
natural axioms, satisfied by X-theory. In this case it is proven that the adelic 
complex provides a flasque resolution for the above sheaf and that the natural 
morphism to the Gersten complex is a quasiisomorphism. The main advantage of 
the new adelic resolution is that it is contravariant and multiplicative in contrast 
to the Gersten resolution. In particular, this allows to reprove that the intersection 
in Chow groups coincides up to sign with the natural product in the corresponding 
iC-cohomology groups. Also, we show that the Weil pairing can be expressed as a 
Massey triple product in i^-cohomology groups with certain indices. 
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1 Introduction 

Classical adeles have been defined by A. Weil and C. Chevalley for a global field K in 
the following way: adeles are elements of the set Ak = A'^,, where v runs over all 

valuations of the field A, is the completion of A at the point f , and the restricted 
product W means that we consider only collections {f.^} G JJ^-^i; such that E Oy 

V 

for almost all v, where C A^, is the complete local ring corresponding to v. The set 
of adeles has a natural structure of a topological ring. Its group of units is called the 
group of ideles and is equal to = JJa*, where the restricted product is taken in 

the same sense as above with Ky replaced by A* and Oy replaced by (9* (we omit the 
details about a topological structure of the ideles). The group of ideles plays a central 
role in the classical one-dimensional global class field theory. One of its main properties 
is the relation with the class group C/(A) of A. Actually there is a natural surjective 
homomorphism Cl{K) defined by the formula {fy} ^ Yl^^if) ' H' where the 

V 

sum is taken over all non-archemedian valuations v and z/„ denotes a discrete valuation 
corresponding to v. 

Further, J.-P. Serre used in [21] non-complete adeles on a curve X over a field k 
to prove the Riemann-Roch theorem for X. Namely he considered collections {fx} G 
kiX) such that fx E Ox,x for almost all closed points x E X, where Ox,x is the local 

xex 

ring of X at x. Similarly, one may construct a non-complete version of ideles. Moreover, 
Serre was using a certain complex of adeles though he did not mention this explicitly. 

A. N. Parshin introduced in [19] non-complete (also called rational) adeles on a sur- 
face, and has constructed a certain adelic complex. In [20] there is also a multiplicative 
version of complete adeles on a surface, related to the A2-functor, and have been pro- 
posed a natural two-dimensional generalization of the classical class field theory. Later, 
A. A. Beilinson defined in [1] a complex of adeles A (A, Ox)' for any Noetherian scheme 
X using simplicial language (in fact, the adelic complex is defined for any quasicoherent 
sheaf JF on A instead of Ox)- Let us describe explicitly the complexes of rational adeles 
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in low dimensions. For a curve X over a field A;, it looks like 

^ k{x) © J] ^ n ^(^) ^ 0' 

where the restricted product is taken in the above sense and the differential is defined 
using the natural inclusions by the formula (/x, {fx}) ^ {fx — fx}- For a surface X, 
the rational adelic complex has the following form: 

^ k{X)®l[ Ox,x® n ^x,c ^ n HX)®]Jk{X)®]J Ox,c ^ n ^(^) ^ 0' 

xex ccx ccx xex xec xeccx 

where the restricted products can be defined explicitly in terms of the poles of functions, 
and the differentials are defined using the natural inclusion by the formulas 

{fx, {fx}, {fc}) ^ {{fc - fx}, {fx - fx}, {fx - fc}) 

and 

{{fxc}, {fxx}, {fcx}) ^ {fcx — fxx + fxc}- 

The Beilinson-Huber theorem tells that for any Noetherian scheme, the cohomology 
groups of the adelic complex K{X,Ox)' are canonically isomorphic to the cohomology 
groups H'^{X,Ox), see [1], [E] (the analogous result holds true for any quasi coherent 
sheaf JF on X) . 

The aim of this paper is to give a version of these constructions for a class of sheaves 
of abelian groups on schemes different from quasicoherent sheaves, in particular, for 
sheaves of K -groups. Recall that a sheaf of -ft^-groups K.^ = /C„(Ox) is associated with 
the presheaf given hj U ^ Kn{k[U]), n > 0, where f/ C X is an open subset in the 
scheme X and Kn{—) denotes the Quillen i^- group. Recall that for a regular Noetherian 
separable scheme X of finite type over a field, there are Gersten (or Cousin) complexes 
Gers{X,ny whose cohomology groups are equal to if*(X, /C^). On the other hand, for 
the case of a regular curve X, there is a natural quasiisomorphism of complexes 

^ K^{k{X))(Bl[K^{Ox,x) ^ [[ir„(A;(X)) 

xeC xex 
I I 
^ i^„(A;(X)) ^ ir„_i(A;(x)) ^ 

xex 

where the restricted product is taken in the same way as before for rational adeles with 
k{X) replaced by Kn{k{X)) and Ox,x replaced by Kn{Ox,x), k{x) stands for the residue 
field at x, the complex on the bottom is the Gersten complex for the curve X, the first 
vertical morphism is the projection on the first summand, and the second one is given 
by residue maps. We give a higher-dimensional generalization of this. Recall that in 
general the Cousin complex of an abelian sheaf consists of direct sums over schematic 
points of fixed codimension. Following the general definition of adeles, we replace these 
direct sums by adelic groups, which are certain restricted products over fiags of fixed 
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length, i.e., sequences of schematic points rjo ... rip on a scheme X such that r/j e f)i_i 
for all 1 < i < p. For the exphcit construction of these groups in the simplest cases see 
Examples 12. 32[ Next, we construct an adelic complex A{X , J-')* , which consists of adelic 
groups. Under certain natural conditions, there is a canonical morphism of complexes 
ux '■ JF)' Cous{X,J^)', where Cous{X, J^)' is the Cousin complex of JF on X. 

We restrict our attention to a special type of abelian sheaves, namely, sheaves associated 
with the presheaves of a homology theory that satisfies certain axioms (see Section IHTTj) . 
Our main result is that for such sheaves, the morphism ux is a quasiisomorphism on 
smooth varieties over an infinite perfect field. In particular, we get the following result. 

Theorem 1.1. There is a canonical morphism of complexes vx '■ A(X, /C^)* —>■ 
Gers{X,n)' . This morphism is a quasiisomorphism if X is a smooth variety over an 
infinite perfect field. 

Recall that one of the main advantages of the Gersten complex is that it allows to 
relate explicitly cohomology of the sheaves of i^-groups, called K-cohomology, with the 
(algebraic) geometry of X. In particular, the famous Bloch-Quillen formula says that 
H^{X, ICn{Ox)) = CH"'{X), see [22]. At the same time there is a canonical product 
between the sheaves of i^-groups, induced by the product in iiT-groups themselves. This 
product structure cannot be prolonged to the Gersten complex: otherwise there would 
exist an intersection theory for algebraic cycles without taking them modulo rational 
equivalence. 

The main advantage of the adelic construction is that the flag simplicial structure, 
involved in the definition of the adelic complexes, allows to define a product on them, 
i.e., the complex ^ A{X,}C^)' is a DG-ring. Note that the general theory of sheaves 

n>0 

provides many multiplicative simplicial resolutions of sheaves, i.e., resolutions carrying 
the product structure, for example, Chech or Godement resolutions. Nevertheless these 
resolutions seem to be too general to reflect the algebro-geometric structure of a scheme, 
for instance, relations of ii'-cohomology to algebraic cycles or direct images for proper 
morphisms. Though the adelic complex as presented here also does not have direct 
images, the covariant Gersten complex turns out to be a right DG-module over the DG- 
ring of adeles. Roughly speaking, the difference between the adelic complex A(X, IC^)' 
and the Gersten complex Gers{X,n)' consists of all possible systems of local K-group 
equations along flags for each irreducible subvariety on X. The main idea is that in 
order to get an intersection-product on the groups of algebraic cycles we enlarge them 
by systems of equations instead of taking them modulo rational equivalence. 

Analysis of the adelic complex provides certain explicit formulas for products and 
also Massey higher products in ii'-cohomology. In particular, we obtain a new direct 
proof of the coincidence up to sign of the intersection product in Chow groups and the 
natural product in i^-cohomology. Another example is the triple product m3(a, /,/?), 
where a G CH'^{X)i, (3 G Pic°(X)i. It occurs that this triple is equal to the Weil pairing 
of a and 13. In the case of a curve the equality of the corresponding explicit adelic formula 
with the Weil pairing was proved by different methods in [13], [TT], and [TO]. 

The paper is organized as follows. First in Section 12.11 we define adelic groups for 
abelian sheaves on arbitrary schemes and study their basic properties, such as multi- 
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plicativity and contravariancy. Section 12.21 shows an important relation of the adehc 
complex with the Cousin complex. In Sections 12.41 and 12.51 we establish more properties 
of adelic groups imposing rather mild conditions on sheaves. In Section 12.61 we define a 
new type of adelic groups, called A'-adeles, which do not have a multiplicative structure 
but provide a flasque resolution for any Cohen-Macaulay sheaf. 

In Section 13.11 we introduce the notion of a homology theory locally acyclic in fibra- 
tions (l.a.f. homology theory). We discuss the basic properties of an l.a.f. homology 
theory and define the associated homology sheaves. Then, in Section 13.21 we define 
strongly locally effaceable pairs of closed subvarieties on a smooth variety with respect 
to an l.a.f. homology theory. This is a globalization of the method from Quillen's proof 
of the Gersten conjecture in the geometric case. Section 13.31 contains the existence and 
the addition results for strongly locally effaceable pairs. In particular, we get some uni- 
form version of the local exactness of a Gersten resolution, which might have interest in 
its own right (see Corollary I3.20p . In Section [3.41 we introduce the notion of patching 
systems of closed subvarieties on a smooth variety. This is our key tool for studying the 
relation between the adelic and the Gersten complexes. Section 13.51 contains the main 
result (Theorem 13. 34p : for any l.a.f. homology theory the adelic complex of the homology 
sheaves is quasiisomorphic to the Gersten complex on any smooth variety over an infinite 
perfect field. After several easy reductions the proof of the main theorem is reduced to a 
certain approximation result, namely Lemma [3.371 whose proof uses the developed tech- 
nique of patching systems. Section 13.61 is devoted to the explicit construction of cocycles 
in the adelic complex representing cocycles in the Gersten complex. 

Then we consider our main example of an l.a.f. homology theory, namely the 
i^^'-theory of schemes. We recall some general facts on i^'-sheaves and i^-cohomology 
in Section HiTJ We also give some examples of the explicit i^'-adelic cocycles for algebraic 
cycles and we study the link between the i^-adeles and the coherent differential adeles 
of Parshin and Beilinson. Section provides an explicit construction of an Euler char- 
acteristic map from the i^-groups of the exact category of complexes of coherent sheaves 
on a scheme T that are exact outside of a closed subscheme S" C T to the K'-groups of S. 
This map can be also constructed using i?-spaces introduced in [3] or general preperties 
of Waldhausen i^-theory of perfect complexes given in p6]- Next, explicit formulas for 
products in i^-cohomology in terms of Gersten cocycles are obtain in Section 14.31 as a 
consequence of the product structure on the adelic complex (Theorem 14.221) . The case 
of certain Massey triple products is treated in Section 1^7^ We also show the coincidence 
of the considered Massey triple product with the Weil pairing between zero-cycles and 
divisors (Proposition I4.27|) . 

It is a pleasure for the author to thank A. N. Parshin for his constant attention to this 
work and many helpful suggestions, C. Soule for many useful discussions and remarks, 
D. Grayson, and D. Kaledin for important comments, which appeared after they read the 
manuscript of this text. The author is very grateful for the hospitality during his visits 
to Institut de Mathematiques de Jussieu, where many parts of the text had been written 
down. 
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2 Generalities on adeles 



2.1 Definition and first properties 

We use Beilinson's simplicial approach to higher-dimensional adeles, first defined by 
Parshin in the two-dimensional case (see [I9]). Besides, we follow most notations 
from [14J. For a cosimplicial group A*, let A* be the associated cochain complex. We 
define the differential in the tensor product A* C?> B' of two complexes A* and B* by the 
formula d(a 6) = da b + (— l)'^'^^"a ® db. For a scheme X, by X^^^ denote the set of 
all schematic points of codimension p on X. 

Let X be a scheme and let P{X) be the set of all its schematic points. By fj denote 
the closure of a point r] G P{X). By definition, put 

SiX)p = {{vo,Vi ■■■,Vp) -Vi^ PiX),r]i G T]i_^ for all 1 < i < p}. 

An element F = {rjp. . . rjp) G S{X)p is called a flag of length p. The assignment X i— > 
S{X)^: is a covariant functor from the category of schemes to the category of simplicial 
sets. Let 6f : S{X)p 5(X)p_i, < i < p and af : S{X)p S{X)p+i, < i < p he 
the natural boundary and degeneracy maps, respectively. 

There is an exact additive functor !F ^ S{X, JF) from the category of abelian sheaves 
on X to the category of cohomological abelian systems of coefficients on S{X)^, given 
by S{X,J^){r]Q...T]p) = JF^^ for any fiag {r]Q...r]p) G S{X)p. By C(X, JF)* denote the 
cosimplicial group associated to the system of coefficients S{X,J^) on S{X)^. We have 
C{X,J^y = Yl ^vo- Explicitly, the differential in the complex C(X, JF)' is given by 

p 

the formula (c(/)r)o...»?p+i ..fii...rip+i £ PriQ for any element / G C{X,J-'y, where 

i=0 

the hat means that we omit the corresponding element in the flag. By deflnition, put 
C(M, JF) = Yl ^r]o for ^ subset M C S{X)p. In particular, we have C(X, JF)p = 

{»?,). ..»;p)gM 

CiSiX)p,J^). 

Evidently, ^(X, JF Q) = ^(X, JF) (g) S{X,Q) for any two sheaves J-' and ^ on X 
(we consider a point wise multiplication for systems of coefficients). Consequently there 
is a canonical morphism of complexes C(X, JF)* (g) C{X,Q)* —>■ C(X, JF® Q)* given by 
(/ ■ 9)vo-vp+, = fm-vp ® 9vp-vp+, any elements / G C(X, JF)p, g g C{X,gy. 

If / : X — > y is a morphism of schemes, then there is a natural morphism 
of systems of coefficients S{Y, f^J^) f^.S{X,J^) on S'(F)*, where f^,S{X, J^){G) = 

Yl S{X,J^){F) for any flag G G S'(F)*. Consequently there is a morphism of 

F:fiF)=G 

cosimphcial groups CiY, /,J^)* -> C(X, J^)*. 

Let JF be a sheaf of abelian groups on a scheme X. We put J-'u = {iu)*iij'^ ^"^y 
open embedding iu : U ^ X . Note that {J-'u)v = -^(ynv for two open subsets U and \^ 
in X. For a point r/ G X, we put [JF]^ = j*j*{J-'), where j : SpecOx,r; — > X is the natural 
morphism. We have [JF]^ = Urn J-'u, where the limit is taken over all open subsets U G X 

containing the point r]. 
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For M C S{X)p, T] e P{X), by denote the following set: 

r,M = {{?],,..., r]p) e 5(X)p_i : {r],r],,...,7]p) e M}. 

We define inductively the adelic groups A(M, J-"), M G S{X)p of on X in the following 
way. 

Definition 2.1. For a subset M C P{X) = S{X)o, we put 

A{M,J^) = C{M,J^)= II J^^ 

r/GM 

For a subset M C S{X)p, p > 0, we put 

V€P{X) 

and _ 

A(M, [^],) = limA(M,.Ft/), 

where the limit is taken over all open subsets U G X containing the point t]. Also, we 
put A(0,JF) = 0. Elements of the adelic groups A(M, JF) are called adeles. 

Remark 2.2. The definition of adelic groups does not use the ring structure of the sheaf 
Ox- In fact, all generalities about adeles that are discussed below make sense for abelian 
sheaves on any topological space such that every closed subset has a unique generic point. 

Remark 2.3. This definition is analogous to the definition of adeles from [IJ. The main 
differences with pQ are as follows: we replace coherent sheaves by sheaves of type J-'v 
and we use no completion in the construction. Consequently our adelic condition is more 
rough: if is a coherent sheaf on a Noetherian scheme X, then the defined above group 
A(M, JF) contains the corresponding group of rational adeles (see [19] and [H]). However 
there is a comparison in the backward direction, see Proposition 14.71 

Remark 2.4. The scheme X is not included in our notation for adelic groups A(M, JF). 
Nevertheless in what follows X could be always reconstructed from the notation for a 
sheaf .F. 

Remark 2.5. It follows from the definition that for any subset M G S{X)p, p > and 
for any open subset V G X, we have 

A{M,J^v)= n limA(,M, J-ync/J = lim J] A(,M, J-ync/J, 

where the second limit is taken over the set of systems {U^^} of open subsets in X 
parameterized by schematic points rj such that rj for any rj G P{X), and {U^^} < 

{t/;} if and only if D for all r] e P{X). 
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Evidently, T ^ A(M, JF) is a covariant functor from the category of abelian sheaves 
on X to the category of abelian groups for any subset M C S{X)^. It is easily shown that 
A((?7o ■ ■ ■Vp)^'^) — -^no element (r^o • • • Vv) ^ S{X)p. For any subset M C S{X)p, 

there is a natural morphism 9 : A(M, JF) ^ C{M,J-') = Yl ^vo- 

('7o---»?p)eA/ 

Proposition 2.6. 

(i) For any subsets M, N C S{X)p, p > such that M (1 N = ^, there is a decompo- 
sition A(M UN,J^) = A(M, J") © A(iV, J"); 

('zzj /or ani/ subset M C S'(X)p, p > 0, i/iere are boundary maps : A((5f^^(M), JF) ^ 
A{M,J^), 0<i<p; 

(Hi) for any subset M C S'(X)p, there are isomorphisms : A(cr^(M),jF) — > A(M, JF), 
< 2 < p; 

(^zvj for any subset M C S{X)p and for any sheaves T , Q on X , there is a morphism 
A(M, T) ® A(M, Q) A(M, .F ® 

(v) for any subset M C S{Y)p and for any morphism of schemes f : X Y , there is 
a natural morphism f* : A(M, f^J^) A(/"^(M), .F); 

(^wzj a// t/ie morphisms constructed in (i) — (f ) commute via the map 9 with their natural 
counterparts for the corresponding direct product groups. 

Proof. The proof of (i) and the constructions in (m), {Hi) are the same as the proof of 
Propositions 2.1.5, Definition 2.2.2, and the proof of Proposition 2.3.1, respectively, from 
[I4j. The only difference is that we use sheaves of type J^u iii place of coherent sheaves. 

The proof of {iv) is by induction on p and uses that there is a natural morphism of 
sheaves Tjj ® Qv ^ ® G)unv for any open subsets U,V (Z X. Besides, for p = 0, the 
morphisms in question equals the point wise multiplication in stalks of sheaves. 

The proof of (v) is also by induction on p and uses that there is a natural morphism 
of sheaves {f*J-')u f*{^f'^{u)) for ^^Y open subset U C Y. Besides, for p = 0, the 
morphism in question equals the point wise map on stalks of sheaves. 

The proof of (vi) is straightforward. □ 

For a closed or an open subscheme Y G X , let iy be the corresponding embedding. 
For any subset M C S{X)p, let M{Y) be the set of flags on Y that are in M. The 
following consequences of Proposition 12.61 are needed for the sequel. 

Corollary 2.7. 

(i) For any open subset U C X and any subset M C S{X)p, we have 

A{M{U),J^) = A{M{U),zIjJ^), 

where the right hand side is the adelic group on U. In particular, A(M, JF) = 
A(M(f/), i^JF) © A for some subgroup A C A(M, T); 
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(a) for any schematic point rj ^ X and any subset M C S{X)p, we have 

A(M(r/),^) = A(M(r^),j;;^), 

where jr, : = Spec(Cx,J7) ^ X is the natural morphism of schemes, Mirj) 
is the set of flags on that are from M , and the right hand side is the adelic 
group on X^. In particular, A(M, JF) = A[M{rj), j*J-') © B for some subgroup 
B C A(M, 

(Hi) for any closed subset Z C X and any subset M C S{X)p, we have 

A(M(Z),^)=A(M(Z),4^), 

where the right hand side is the adelic group on Z . In particular, for any sheaf Q 
on Z we have A{M{Z), {iz)*G) = A{M{Z),g); 

(iv) suppose that Y, Z are closed subschemes in X such that X = Y U Z ; then for any 
sheaf J-" on X and for any subset M C S{X)p we have 

A(M, ^) = [A{M{Y),z*yJ^) © A(M(Z), 4^)]/A(M(r n Z),z*y^zJ^y, 

(v) consider a point rj ^ X and a subset M C S{X)p such that any flag in M starts 
with f]; then for any sheaf on X and for any open subset U G X containing rj 
we have 

A{M,T) = A{M,J^u)- 

We put As{X,Ty = A{S{X)p,J^). Using Proposition 12.61 we get the following 
statement. 

Corollary 2.8. 

(i) There is a natural structure of a cosimplicial group on As{X,J-')* such that the 
natural morphism 9 : As(X, JF)* ^ C{X, JF)* is a morphism of cosimplicial groups; 

(a) for any two sheaves T and Q on X there is a morphism of complexes As{X, JF)* © 
As{X, Q)* As{X, J^®GY , which commutes via 9 with the morphism of complexes 

c(x, © c(x, gy c(x, t © gy-, 

(Hi) for any morphism of schemes f : X ^ Y and for any sheaf on X there is a 
morphism of cosimplicial groups AgiY, f^J^y As(X, JF)*, which commutes via 9 
with the morphism of cosimplicial groups C{Y, f^J^y C(X, JF)*. 

p 

For a cosimplicial group A*, we put = ^lm(sf), where : A^~^^ AP are 

the degeneracy maps; then A\^^ is a subcomplex in the complex A* (however there is 
no analogous inclusion of cosimplicial groups). It is well known that the quotient map 
A* — *• A'/A'g^ is a quasiisomorphism. We put A'^^ = A'/A'g^. Any morphism of 
simplicial groups f : A* ^ B* induces a morphism of complexes / : A'^^ —>■ B*^^. 
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Definition 2.9. For a scheme X and an abelian sheaf on X, let the adelic complex 
A{X,J^y be As{X,J^);^,. 



It follows from Corollary 12. SI that for any sheaves and ^ on X there is a morphism of 
complexes A(X, JF)* A(X, Q)' ^ A(X, JF® and that for any morphism of schemes 
f : X Y there is a morphism of complexes /* : A{Y, f^T) — » A(X, JF). In particular, 
if ^ is a sheaf of associative rings on X, then A(X, A)* is a DG-ring. Given a morphism 
of schemes / : X — F, we get a homomorphism of DG-rings A(y, /*^)* — > A(X, ^)*. 
In addition, for any sheaf JF, there is a natural inclusion r(X, JF) ^ H^{A{X,J^y). 

Suppose that the scheme X is Noetherian of finite dimension d. Then it is easily 
shown that 

A,(x,.Fr= n A((^o...g,^), 

0<io<...<ip<rf 

A(X,^)*'= W A((zo... g,.F), 

0<io<...<ip<d 

where the expression (io • • • stands for the set of all flags 7]^ . . .rjp on X such that for 
any j, < j < p, we have codim(r7j) = ij. We say that such flags are of type {iq . . . ip). 
For example, A(X,J^)0 = H Mip),^) and A{{p),J^) = C{{p),J^) = fl Thus 

0<P<d ri&XiP) 

the adelic complex is bounded and has length d. In fact, the adelic complex is bounded 
for any Noetherian scheme X of finite Krull dimension by the maximal dimension of the 
irreducible components of X. 

We may sheafify the above construction. Namely for any scheme X, an abelian sheaf 
JF on X, and a subset M C S{X)p there is an abelian presheaf A(M, J^)* defined by the 
formula U ^ As{M{U),i}jJ^) (see Corollary EZl^i)). 

Proposition 2.10. If the scheme X is Noetherian, then the presheaf A ^{X^J^) is actu- 
ally a fiasque sheaf. 

Proof. The fiasqueness of this presheaf follows from Corollary l2.7( z). Clearly, it is enough 
to prove the sheaf property for the case of a finite open covering UqVq, of X. In this case 
we proceed by induction on p, using that for any collection of open subsets Ua d Va 
containing a fixed point ?7 G X, the open subset f\aUa C X also contains 77. □ 

Thus if X is Noetherian, then we get the fiasque cosimplicial abelian sheaf Ag(X, JF)* 
and the complexes of fiasque sheaves A^(X, JF)', A^(X, .F)*gg, and A(X, JF)'. Moreover, 
there is a morphism of complexes JF A(X, JF)*, where JF is considered as a complex 
concentrated in the zero term. 

Question 2.11. Under which conditions on T the complex of sheaves A(X, JF)* is a 

fiasque resolution of 

Remark 2.12. 

(i) Let JF, Q be two sheaves on a Noetherian scheme X; then the composition of the 
morphisms of complexes ® g ^ A(X, T)' ® A(X, Q)' A(X, JF o gy is the 
natural map described above. 
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(ii) Let / : X — s> y be a morphism of Noetherian schemes, be a sheaf on X; then 
the composition of the morphisms of complexes — > A{Y, f^:J^)' — > /* A(X, JF)' 
coincides with the value of the functor at the natural morphism A(-^; 
described above. 

In particular, if ^ is a sheaf of associative rings, then the map @H^{X^A) 

i>0 

^ if*(A(X, JF)*) is a homomorphism of rings. 

i>0 

We will use the following explicit description of adelic groups on Noetherian schemes. 
Let us introduce the following notation. 

Definition 2.13. Let Z be a closed subscheme in a Noetherian scheme X and 1] he a. 
schematic point in X; then by Z{r]) C X^^^ denote the set of irreducible reduced divisors 
on X that are contained in Z and pass through rj. Analogously, for a closed subset 
W C X, hy Z{W) C X*^^^ denote the set of irreducible reduced divisors on X that are 
contained in Z and contain W . 

Proposition 2.14. For any subset M C S{X)p, we have 

A(M,^)= lim n (-^^^.0.....-.)..' 

where the limit is taken over the set of systems {-D^o --%}' ^ k < p of effective, reduced, 
possibly reducible divisors on X parameterized by flags rj^ . . .rj^ that can be extended to 
the right to a flag from M with the following property. For any k,0 < k < p and for any 
"left part" {r]o ■ ■ ■ f]k) of a flag from M, we have 

Dr,o-Vk-liVk) ^ D^o-Vk^ivdVk) (*) 

and DruXvo) = 0- The partial order on the systems {Dno...rif.} , < k < p is given by the 
flag wise embedding of divisors in X. 

Proof. Using Remark 12.51 one proves by induction on p that 

A(M,.F)= lim n (^f/.on...n^.o.....-i)>' 

{UriQ...Vk) {jyo...r)p)eM 

where the limit is taken over the set of systems {f/r;o...»?fc}) < < p of open subsets in X 
parameterized by "left parts" of flags from M such that for any "left part" {rjo . . . rjk) of a 
flag from M, we have rjk G [/^o...^^.. The partial order on the systems {t^r;o...»?fe}) < k < p 
is given as the inverse to the flag wise embedding of open subsets in X. 

Since the scheme X is Noetherian, enlarging the complement X\?7^q...^j., we may 
assume that this complement is reduced, has pure codimension one, and does not contain 
Vk- Finally, we put Z^^p = X\?7^g and Z^^p,,,^^ 

Claim 2.15. Condition {*) implies that 
for any < j < k + 1, 0<l<p — k — 1. 
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Proof. It is enough to show this for / = 1. Each irreducible divisor D G Dj^g^^^^^^r/k+iiVj) 
contains rjk+i and thus belongs to D^q...^^. (77^+1). Moreover, since D contains rjj, we see 
that D also belongs to Dr,Q...r,^{rjj). □ 

2.2 Relation with the Cousin complex 

Let X be a Noetherian catenary scheme such that all irreducible components of X have 
the same finite dimension d. For a closed subset Z d X and a sheaf JF on X, denote 
by the sheaf on Z such that if f/ C X is an open subset, then {■yz^){U fl Z) 
consists of all sections in J-'{U) with support on U (1 Z. Thus, R'jz = i'z- can 
also apply functors W'jz to complexes of sheaves on X. Following the notations from 
|12j . for any sheaf on X and any point r] G X'^^^ we put Hp{X,J^) = {BP'yjjT)n. Let 
: HP{X,J^) i^|^^(X, JF) be the natural map defined for any two points r], ^ G X 
such that ^ G r/ and ^ has codimension one in fj (see [I2])- Let Cous{X, J^)* be the 
Cousin complex of JF on X, i.e., 

Cous{X,J^r= HP{X,J^), 

where the differential is the sum of the maps z/.^^. Let us sheafify the Cousin com- 
plex, namely, consider the complex of sheaves Cous jX, JF)* given by Cous jX, JF)p = 
{irf)*HP{X, J^), where for each point i] G X^^^ we consider Hp(X,J^) as a constant 

sheaf on fj. There is a natural map of complexes JF — > Cowg fX, JF)*, where we consider 
complex concentrated in the zero term. 
Let < io < • • • < be a strictly increasing sequence of natural numbers; then the 
depth of (zo ■ ■ ■ v) is the maximal natural number / > such that {io . . .ii) = (0 . . . /) if 
io = 0. Otherwise, the depth of (zq • • • ip) equals —1. 

Proposition 2.16. Let {io...ip) be a strictly increasing sequence of natural numbers 
such that ip < d. Suppose that the depth of {io . . . ip) is I > 0; then there exists a natural 
map 

A((01... Vi...^p),.F) ^ © A((0(z;+i-0...(v-0),^'77tCW(X,^)'), 

where the right hand side is the direct sum of adelic groups on i] E X*^'\ Moreover, for 
any adele f G A((01 . . . lii+i . . .ip),J^) and any flag r]ir]i^^^ ■ ■ - Vip of type {lii+i . . .ip) on 
X , we have 

d{i^o...i{f))vmi+,-mp = i^m-im ° • • • ° ^mvl)i^if)vo■■■mm,+l■■■v^p)^ 
where the sum in the left hand side is actually finite. 

Proof. The proof is by induction on /. For / = 0, by Proposition I2.7( ui). (iv), (v), we 
have the natural map 

A((Ozi...Zp),.F)= A{{Ot,...tp){r]),z±J^)= A((Ozi . . . z^), 7^^) ^ 
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^ © A((0zi...2p),7^CW(X,^)'). 

Further, note that for the composition of closed embeddings Z' G Z G X, where 
Z has pure codimension / in X and Z' has pure codimension one in Z, the natural 
morphism of complexes 

R^-i7. Cous {X. J^Y -jy Cous iX, J^y[l] 

induces the morphism of sheaves 

i?Sz'z(i?'7zCW(X,^)') ^ R'lz'z{lzC(Ms{X,T)'[l]) = R'+'^z'Cous{X, J^)' . 

Therefore, to prove the proposition by induction on /, it is enough to consider the case 
I = 1 and X is irreducible. Recall that for any closed subscheme D G X, there is a 
morphism of sheaves J-'u {iD)*R^lD^ , where U = X\D. Hence, using the same 
argument as for the case / = 0, we get the map 

A((0n2 • • -ip),^) = lim A((li2 • • • ip),^u) ^ lim A((li2 • • -ip), {iD)*R^lD^) = 

U D^X\U 

= limA(0(z2-l)...(^p-l)),i?'7i^^)= A((0(z2-l)...(v-l)),i?S-^) 

^ A((0(z2-l)...fe-l)),i?SCWs(X,J-)'), 

where the second limit is taken over all closed subschemes D G X of pure codimension 
one. □ 

Remark 2.17. It seems that it is impossible to replace in the formulation of Proposi- 
tion [2IIS] the sheaf R^i7, Cous (X, J-')' by a more natural sheaf R^'^z^- At least the 
induction step in the above proof will not be valid, because in general there is no map 
R^lz'z{R^l^) R^^^^z'^ in notations from the proof of Proposition 12.161 

Example 2.18. Suppose that / = p; then we get the map z/p = i^o...p: A((0. . .p),J-') 
HPiX,J^). 

There is a morphism of complexes 

ux : A(X, J^)' ^ Cous{X,Ty 

p(p+i) 

that is equal to the map (— 1) 2 z/p on the (0...p)-type components of the adehc 
complex and equals zero on all the other components of the adelic complex. 

Also, for any two sheaves and ^ on X and a point r] G X*^^^ we have the natural 
morphism 

H^{X, T) ® A(X, GY = A((p), (z^),i?P7^^) ® A(X, gy ^ A(rj, RPj^{J^ ® g)^ ^ 

^ ® Hi{i),Ep^^{:F®g))G Hi^\x,r®g). 
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It is easily checked that this defines a morphism of complexes 

/i : Cous{x, ry ® A(x, gy cous{x, t ® gy 

given by the formula 

rio---Vq-i 

for any / G Cous(X, J-'Y, g G A(X, gy, and r] G X^p^''\ where the sum is taken over all 
fiags ?7o • • • Vq-i of type {p,p + 1 . . . ,p + q - 1) such that r] G r/g.^ and /^^ ■ 9{g)^^,„^^_^.,^ G 
i/P(X, ® e?), and e(p, q) = pq + 

Remark 2.19. The analogous product is well defined of one replaces J-" by a complex of 
abelian sheaves J-'*. 

Remark 2.20. A coherent version of the product between the Cousin and the adelic 
complex was considered in |27j . 

Example 2.21. Multiplication of the adelic complex on the right by 1 G Z = Z(X) 
coincides with the morphism i>x- 

In particular, if ^ is a sheaf of associative rings on X, then Cous{X, A)' is a right 
DG-module over the DG-ring A(X,Ay. 

Remark 2.22. Evidently, we also have the morphism of complexes of sheaves i^x • 
A{X,J^y — > Cous jX, J^y. Suppose that the sheaf on X is Cohen-Macaulay in the 
sense of [12], i.e., that the composition A(X, JF)' Cous{X, J^y is a quasiisomor- 
phism; then for any i > 0, the cohomology group if*(X, JF) is a direct summand in the 
group if*(A(A, JF)'). One may expect that the map JF A(X, JF)* is a quasiisomor- 
phism for any Cohen-Macaulay sheaf J-'. For the particular case of this statement see 
Theorem 13. 34[ In particular, if ^ is a Cohen-Macaulay sheaf of associative rings, then the 
ring -f^*(A, A) is a direct summand as a ring in the associative ring if*(A(A, .4)*). 

i>0 i>0 

The next statement is needed for the sequel. 

Lemma 2.23. Suppose that X is a Noetherian catenary scheme such that all irreducible 
components of X have the same finite dimension d. Let J-" be a Cohen-Macaulay sheaf 
on X (see fl^): then for any p, < p < d, the map Up : JF^„ — > H^{X,J^) is 

surjective, where the first direct sum is taken over all flags of type {0 . . .p) on X . 

Proof. The proof is by induction on p. For p = 0, there is nothing to prove. Suppose 
that p > 0. Consider a collection {/^} G if^(X, JF). Note that for any point 

T] G X^P\ the sheaf j*jF is Cohen-Macaulay on X^, where : X^ = Spec(Ox,r)) — X is 
the natural morphism. Hence for each point rj G X^p\ there exists a collection {g^}(r]) ^ 
H^~^{Xj^,j*!F) such that (ir){fl'c}(r)) = fri, where d^j denotes the differential in the 
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Cousin complex on X^. We may suppose that {g^}{'q) = for almost all r] G X^^^ By 
the induction hypothesis, for each point rj G X^p\ there exists a collection {g^o---Sp-i}{v) ^ 
JF^Q such that i^p-i{fi'5o- -5p-i}(»?) — {S'slW' where the direct sum is taken over all 

flags of type (0 . . .p — 1) on X^. Again, we may suppose that {g^o...^p_j^}(n) = for almost 
all 7] e X(P). Finally, we put {/r,o...r?J = {^»?o...»?p-i}(r;p)- □ 



2.3 Projection formula 

Let X, y be Noetherian catenary irreducible schemes, / : X — ^ F be a mor- 
phism such that for any point ?7 G X, we have dim(r/) > dim{f{ri)). Under the 
above hypothesis, for any sheaf JF on X, there is a canonical morphism of complexes 
Cous{X,Ty Cous{Y,Rf,T[d]y, where d = dim(/) = dim(X) - dim(r). The defini- 
tion of this morphism uses inclusions of complexes Tz{X,C{J-'y) ^ Tjf^{Y, f^C{J-'y) 
for any closed subset Z G X, where is a flasque resolution of on X. 

The morphism Coms(X, JF)* Cous{Y, Rf^,J-'[d]y consists of homomorphisms of type 
: HPiX,T) ^ i7;-^(X,i?/,^[rf]), where dim(rj) = dim(7M)- 
The following adelic projection formula holds true. 

Proposition 2.24. Let f : X Y be as above and let T , Q be two sheaves on X ; 
then the following natural diagram commutes up to the sign (— l)'^ 'i'=SA^ where degj^ is 
the degree of the components in the adelic complex: 

Cous{x, Ty ® A(F, f^gy = cous{x, Ty ® a(f, f,gy 

i i 
Cous{x, ry ® A(x, gy Cous{y, Rf,j^[d\y ® A(r, gy 

i i 
Cous{x,r®gy — ^ Cous{Y,Rf,{j^(^g)[d]y. 



Proof. For any point rj G X*^^-* such that dim(?7) = dim(f(ri)), the following diagram 
commutes 

i i 

HPix, T) ® g, (r, Rf.T[d]) ® if^g) ^(,) 

i i 
HP{x,j^®g) H^-^^{Y,Rf,{j^®g)[d]), 

where /(r/) G Y^'^\ Hence the proposition follows from Lemma 12.251 and the explicit 
formula for the product between the Cousin and the adelic complexes. □ 

Lemma 2.25. Let f : X ^ Y be as above with dim(X) = dim(y), Ti be a sheaf on X, 
and (^0 • • • ^r) be a flag on Y such that G F*-'-' for all 1,0 < I < r; then for any element 
h G Hx, we have 



\m---Vr 
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where : H*(X,'H) H'^^^{Y, Rf^T-Cld]) are the natural homomorphisms and the sum 

is taken over all flags i]q . . . 1]^ on X such that f{r]Q... r]^) = (■Co • • • 6r) o.^'T'd rji E X^'^ for 
alll,0<l< r. 

Proof. The proof is by induction on r. Note that there are only finitely many schematic 
points ?7i G X^^^ such that f{i]i) = ^i. Hence, if we replace X and Y by fji and 
respectively, we see that the induction step is equivalent to the case r = 1. On the other 
hand, when r = 1 the residue maps i/^^^j and i/^g^j correspond to the differentials in 
the Cousin complexes Cous{X,H)' and Cous(Y, Rf^TC[d])* . Therefore Lemma [2.251 is 
equivalent to the fact that the homomorphisms /* define a morphism of the corresponding 
Cousin complexes. □ 



2.4 Sheaves with controllable support 

Definition 2.26. We say that a sheaf JF on a scheme X has controllable support if 
for any point rj E X, there exists a closed subset C X such that rj ^ and 
\\m{iz)*'~iz^ = {izr^)*lz^^ , where the limit is taken over all closed subsets Z (Z X such 
that f] ^ Z. 

Remark 2.27. 

(i) If JF has controllable support, then for any open subset U C X the sheaf J-'u has also 
controllable support (indeed, for any closed subset Z C X we have {iz)*1z{^u) = 
((«z)*7z^)c/; 

(ii) any subsheaf in a sheaf with controllable support has also controllable support. 
Examples 2.28. 

1) If X has finitely many irreducible components, then a constant sheaf on X has 
controllable support. 

2) If JF is a coherent sheaf on a Noetherian scheme X, then JF has controllable support. 
Indeed, all sheaves {iz)*lz^ in the definition are coherent subsheaves in the sheaf T. 

3) Any Cohen-Macaulay sheaf on a Noetherian scheme has controllable support. 

4) Let X be an irreducible one-dimensional scheme with infinitely many closed 
points. Consider the sheaf ^ (i^)*^, where x ranges over all closed points in X and 

ix : Specfc(a;) ^ X is the closed embedding of a point. Then the sheaf does 

not have controllable support. 

Claim 2.29. // a sheaf on a scheme X has controllable support, then for any point 
rj E X there exists an open subset C X containing t] such that for any open subsets 
V C U C Urj containing rj the natural morphism of sheaves J-'u — > J^v is injective. 

Proof We have Ker{J^,7 ^ J^v} = i{iz)*7zJ^)u, where Z = X\V. We put f/^ = X\Z^; 
since Z.^ C Z and U C X\Z^, we get {{iz)*lz^)u = {{iz„)*lz^^)u = 0. □ 
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Proposition 2.30. Suppose that the sheaf J-" on a scheme X has controllable support; 
then the map 9 is injective for any subset M C S{X)p: 

e : A(M, J') ^ C{M, r)= n 

Proof. The proof is by induction on p. For p = 0, there is nothing to prove. Suppose 
that p > 0; then, by the induction hypothesis, we have 

A{M,r)= n limA(,M,J-^J^ J] lim J] {:FuX ^ 

^ n n %(^^j.i= n 

where the injectivity of the second map follows from Claim [21221 CH 

Thus when JF has controllable support, each adele / G A(M, JF) is uniquely deter- 
mined by its components f no. ..rip G -^»7o, where (r/o • • • Vp) ^^^^ over flags in M. 

Remark 2.31. Let be a sheaf with controllable support on a scheme X; then for any 
subset M C S{X)p, there is a natural inclusion JF^^ C A(M, JF). 

{'?o---»?p)eA/ 

Examples 2.32. Let JF be a sheaf with controllable support on X. For an irreducible 
closed subscheme Z C X, by denote the stalk of JF at the generic point of Z. 

1) Suppose that dimX = 1; then the adehc group A((01),JF) c H consists of 

all collections [fxx] £ 11 such that fxx ^ Ini(jFa. Tx) for almost all x G X. In 

x&X 

particular, we get rational adeles on a curve if JF = Ox (see [23], where rational adeles 
are called repartitions). 

2) Suppose that dimX = 2. Let us describe explicitly the arising adelic groups. 

The adelic group A((01),JF) c H -^x consists of all collection {/xc} such that fxc ^ 

c<zx 

\m.(Tc — ^ ^x) for almost all irreducible curves C G X. The adelic group A((12),JF) c 
W Tc consists of all collections {/cx} such that fcx ^ Ini(JF^ Tq) for almost all points 

X G C for a fixed C. The adelic group A((02),JF) c H -^x consists of all collections 

x<ZX 

{_fxx\ such that there exists a divisor D d X such that fxx G \m{{J^x\D)x — ^ ^x) 
for any closed point x G X. The adehc group A((012),JF) c H consists of all 

collections {fxcx} satisfying the following condition. There exists a divisor D d X and 
for each irreducible curve C C X, there is a divisor Dc such that Dc{C) = D{C) (see 
Definition I2.13p . and fxcx ^ ^'^{.{.^x\Dc)x ^x) for all fiags x G C C X. This is 
analogous to the construction given in [19j, p. 751. 
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2.5 1-pure sheaves 

Definition 2.33. We say that a sheaf JF on a Noetherian scheme X is 1-pure if for any 
point r] e X(*), we have H^{X, J^) = if i > 1 and also H^^iX, J^) = if i > 2. 

Equivalently, a sheaf is 1-pure if the following complex of sheaves is exact: 

^ Cous (X, J^f Cous{X, J^f. 

Remark 2.34. For any open subset U C X, any point G P{X), and a 1-pure sheaf 
on X, there are exact sequences of sheaves 

r?eX(0) rieD(X\U) 

o^n^ {t,f)*H^{x,j^), 

where D{X\U) is the set of codimension one points in X that belong to the complement 
X\U and D{^) is the set of codimension one points rj in X such that ^ G r/. In particular, 
the sheaves J-'u and [JF]^ are 1-pure for any 1-pure sheaf JF. 

Remark 2.35. It is easily shown that for a sheaf J-" on a Noetherian scheme X, the sheaf 
{irf)*J^r] has controllable support. Hence any 1-pure sheaf on a Noetherian scheme 

r)€X(0) 

has controllable support. 

For any flag F = (r/o • • • Vi) ^ subset M C S{X)p, we put pM = 

Proposition 2.36. Let J-' be a 1-pure sheaf on a Noetherian irreducible scheme X . 
Suppose that the subset M C S{X)p and a natural number I, < I < p satisfy the 
following condition: either p < I + 1, or for any flag F = (r/o • • • Vi+i) ^ S{X)p+i, we 
have pM = ^+^{6^'^ . . . Sf{M)) or pM = 0. Then the boundary maps C{Sf{M),J^) 
C{M, JF) and A((5f (M), JF) ^ A(M, T), <l <p (see PropositionWMii) ) are mjective 
and we have 

A((5f (M), J^) = A(M, J^) n C(5f (M), J^), 
where the intersection is taken inside the group C{M,J^). 

Proof. Since X is irreducible, the sheaf jF is a subsheaf in a constant sheaf and for any 
points Tj,^ E X and any open subset U such that C, Ef], rj E U, and U is connected, the 
natural morphisms JF^ JF^ and JF(f/) JF^ are injective. Thus we get the injectivity 
of the boundary maps for the direct product groups and hence, by Proposition 12.301 we 
get the injectivity of the boundary maps for the adelic groups. In particular, the left 
hand side of the equality is contained in the right hand side. 

To prove the backward inclusion we use induction on p and /. For p = 1 and / = 0, 1, 
we have A((5/(M),JF) = C(5/(M),JF) and the assertion is clear. 

Suppose that p > 1,1 = 0. Denote by A the right hand side of the needed equality. 
For each rj G P{X), consider the image of A imder the natural map C{6q{M),J-') — 
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C{riM,J^), see Proposition I2.6( i). The group coincides with the projection of A 
on the r^-part in the direct product C{M,J^) = Yl C{r,M, [F]ri) and hence = 

lim A(^M, jFf/^J n C{r]M,J^), where the intersection is taken in the group C(r,M, [J^],,). 

Ur, 

Therefore, by LemmaElQl Ar, = A(^M, J^). Further, note that 5°(M) = IJ and 

for any point ^ G P{X) there exists t] G -P(X) such that ^{r^M) =^ (5q(M)). Therefore, 
by Lemma [ini ^ = A(5^(M), J^). 

Suppose that p > 1, / > 0; then, by definition, the right hand side is equal to 

n limA(,M,^^JnC((5f(M),^)= J] ( % A(,M, J-^J n C(,5f (M), [^y J . 

Since / > 0, for each point t] G P{X), we have riSf{M) = 5f_^(^M). On the other hand, by 
Proposition 12.301 A(^M, JF^^) c C{riM, J^u^) and the intersection corresponding to the 
point r] is actually contained in the subgroup lim C((5f_^ (^M), JF^,J C C{6f_^{riM), [J-']ri)- 

Ur, 

Hence, by the inductive assumption for JF^^, ^M, p — I, and / — 1, the intersection 
considered above is equal to 

n lim(A(,M,J-^JnC(5f.i(,M),^^J)= n limA(CiUM),J-^J = A(5f(M),^). 

□ 

Remark 2.37. It follows from the proof of Proposition 12.361 that for any subsheaf JF 
of a constant sheaf on a scheme X with finitely many irreducible components, for any 
M C S{X)p, and for any I, < I < p, there is the inclusion 

A(5f(M),^) C A(M,^) n C(5f(M), J^). 

Remark 2.38. The condition that J-' is 1-pure in Proposition 12.361 might be replaced by 
a weaker condition but actually we do not need such improvement: all sheaves that we 
consider further are 1-pure. The same is true about the condition on the set M. 

Example 2.39. Suppose that X is irreducible and dim(X) = 2. Let D C X he a closed 
irreducible codimension one subset with infinitely many closed points. We put G = ^ Z, 

y€D 

where the sum is taken over all closed points y on D. Let JF be the kernel of the 
natural map G ^ (^j/)*Z of sheaves on X. Then JF is a subsheaf in a constant 

yeD 

sheaf but is not 1-pure on X. Further, consider the adele / G C((12),JF) defined by 
fcx = {Ix} e G if C = D and fcx = otherwise. For C = D, we have fcx e {J^x\{x})x 
and there are two inclusions {J-'x\{x})x C {J-'x\c)x and {J-'x\{x})x C J-'c- Therefore, 
/ G A((012),^) nC((12),^) but / ^ A((12),^). 
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Lemma 2.40. Let T he 1-pure sheaf on a Noetherian scheme X. Consider the sheaf 
Q = Ty for some open subset V G X . Then for any subset M C S{X)p, we have 

A(M, g) n C{M, J^) = A(M, J^), 

where the intersection is taken in the group C{M,Q). 

Proof. The proof is by induction on p. For p = 0, there is nothing to 
prove. Suppose that p > 0; then, by definition, the left hand side is equal to 

n l\imA{,M,gu^)nC{,M,[J^], 

V€P{X) \ Ur, 

Consider a point rj G P{X) and an open subset U C X containing rj. Suppose that 
U is small enough so that all irreducible components of U\V contain rj and the natural 
morphisms J-'u — * [G]ti are injective. It follows from the explicit description 

given in Remark 12.341 that Qu H [^]r) = ^u, where the intersection is taken inside the 
sheaf [g]n. Therefore C(iV, Gu) n C(iV, [J^]^) = C{N, Tu) for any subset c S{X)q. 

Consequently the intersection lim A(^M, fl C{riM, [J-']r^) is actually contained in 

the subgroup lim C(^M, JF^/^) c C{riM, [J-']r,) and, by the inductive hypothesis, we get 

Ur, 

the needed statement. □ 

Lemma 2.41. Let J-" be a sheaf with controllable support on a scheme X and let N be 
a subset in S{X)p such that N = IJA^^q,, where Na C S{X)p for each a. Suppose that 

a 

for any point t] G P{X) there exists a such that r]{Na) = ■ Let A be a subgroup in 
C{N, JF) such that for any a, the image of A under the natural map C{N, T) C{Na, T) 
is contained inside A{Na,J^)- Then A C A{N,J^). 

Proof. For a point rj G P{X) let a be such that n{Na) = rjN. Then the projection 
of A to the group C(^A^, [JF]^) = C{riiNa),[J^]ri) from the direct product C{N,T) = 
Yl C{r]N, [J-']rj) is contained in the group \im A{rj{Na) , J-'ur,) = llHi A(^A^, JF^^). Thus 

r)gP(X) Ur, Ur, 

we get that A C A{N, JF). □ 

Let X be a Noetherian scheme. Consider an increasing sequence of natural numbers 
io < . . ■ < ip. Recall that (zq • • • ip) denotes the set of all fiags from S{X)p of type 
(io • • • ip)- For any /, < / < p, we have Sf{io . . .ip) = {io . . .ii . . .ip). From this one de- 
duces that the subset (io ■ ■ ■ ip) C S{X)p satisfies the condition from Proposition 12.361 for 
any /, < / < p. Let (jo • • • jq) be a subsequence in {io ■ ■ - ip), q < p. There are canonical 
maps a : C((jo • • • jg), ^) ^ C {{io . . . ip) , J^) and /3 : A((jo • • • jg), ^) ^ A{ {io.. . ip),J^) 
that are compositions of the corresponding boundary maps. By Proposition 12.361 we get 
the following. 

Corollary 2.42. Let J-' be a 1-pure sheaf on a Noetherian irreducible scheme X . Then 
for any sequences {io ■ ■ ■ ip) and {jo . . . jg) as above, the maps a and [3 are injective and 
we have 

A((jo . . . Jg), .F) = A{{io . . . v), .F) n C{{3o . . . jg), .F), 
where the intersection is taken inside the group C{{io . . . ip),J-'). 
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In what follows we will always imply the inclusion (3 when comparing adelic groups 
with different indices given by type. 

2.6 A'-adelic groups 

We introduce a new type of adelic groups. Let X be a Noetherian catenary scheme such 
that all irreducible components of X have the same finite dimension d and let JF be an 
abelian sheaf on X. 

Consider a strictly increasing sequence of natural numbers (zq, ■ ■ ■ lip) such that ip < 
d. Recall that C{{io . . .ip),J^) = Y\ ^vo^ where the product is taken over all flags of 

VO-rip 

type (zq • • • ip) on X. We put / to be the depth of {io ■ ■ ■ ip) (see Proposition 12. 161) . 

Definition 2.43. Let the subgroup A'((zo . . . Zp), JF) C C{{io . . .ip),J-') consist of all ele- 
ments / G C {{io . . . ip) , J^) such that for any number m,0 < m < I and a flag rjm+i ■ ■ -fjp 
of type {im+i ■ ■ - ip) on X, there are only finitely many flags r/o • • • ^7™ of type (0 ... m) on 
X such that the composition of the residue maps (i^,,„_ir,„ o . . . o iyr,om)ifvo-vn.vn.+i-vp) ^ 
H^{X,J^) is not zero. These new adelic groups are called A'-adelic groups, while the 
old adelic groups will be called A-adelic groups. 

When / = —1, we have A' {{io . . . ip) , J-") = C {{io . . . ip) , J-") . When I > 0, for any 
number m, < m < /, there is a map 

A'((zo...g,^)- n ( e^r(^'-^))' 

,,„+i...r,p Vr?6X(™) J 

where for each flag r^m+i ■ ■ - rip of type {im+i ■ ■ - ip) on X, the direct sum is taken over all 
points ri E X^^^ such that //m+i ^ V (compare with Proposition 12. 16p . 

Remark 2.44. 

(i) By Proposition 12.161 the image 6{A{{io . . . ip),J^)) C C((io ■ ■ - ip),^) is contained 
in A'{io. . .ip),J='). 

(ii) It is readily seen that the analogue of Corollary I2.7( i). (ii) with M = {io...ip) 
holds for the A'-adelic groups. 

(iii) By reciprocity law, for any j, < j < p, the boundary map 

d'^j : C{{io. . Aj . . .ip),J^) C {{io . . . ip) , J^) 

induces the map of the corresponding A'-groups; define the A'-adelic complex 
A'{X,J^)' by formula 

A'{x,T)p= n A((^o...g,.F) 

0<io<...<ip<d 
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and with the differential induced from the complex C(X, JF)*^^; we have the mor- 

u' 

phism of complexes A'(X, JF)* Cous(X, JF)* defined in the same way as for 
the A-adehc complex; the composition A(X, JF)* A'(X, JF)* — > Cous{X,Ty is 
equal to vx- 

(iv) Given two sheaves JF, Q on X, the morphism of complexes C(X, JF)*^^ ® 
C(X, ^)*g^ C(X, J^®G)'ed does noi induce a morphism of complexes A'(X, J-")'® 
A'(X, A'(X,:F®^)«; also, the analogue of Corollary EiS is not true for the 
A'-adelic groups. 

(v) We may consider the sheafified version A/(X, JF)* of the A'-adelic complex; there 
is a natural morphism of complexes JF A'(X, JF)*. 

Lemma 2.45. For any natural numbers ^o, • • • , ii,P such that 0<iQ<...<ii<p<d 
and {io . . .ii) ^ (0 ... (p — 1)), we have 

where the index (^o • ■ ■ iiv) stands for the set of all flags rjo . . . rjirjp on X of type (io ■ ■ ■ iiP) 
such that rjp = rj. Also, we have 

A'((0...(p-l)j9),.F)= n A'((0...(p-l)r/),.F), 

where the restricted product means that we consider the set of all collections {/^} G 
Yl A'((0 . . . (p — 1)?]), JF) such that for almost all points i] G X^p\ the A'-adele fr^ E 

A'{{0...{p-l)r]),J^) C A'((0...(p- l)p),J^) belongs to Ker(z/o...p). 

Proof. This follows immediately from the definition of A'-adelic groups combined with 
the A'- analogue of Corollary 12. 7( 2z) (see Remark I2.44( ii)). □ 

The lack of the multiplicative structure is the main disadvantage of the A'-adelic com- 
plex (see Remark I2.44( iv)). Nevertheless, the main advantage of the A'-adelic complex 
is the following statement. 

Theorem 2.46. Suppose thatX is a Noetherian catenary scheme such that all irreducible 
components of X have the same finite dimension d and the sheaf on X is Cohen- 
Macaulay in the sense of [T^ . Then the morphism i/x '■ ^{.X,J^)' Cous jX, JF)* is a 
quasiisomorphism. 

Corollary 2.47. Under the assumptions from Theorem \2.46[ the natural morphism J-" 
A'(X, JF)* is a quasiisomorphism. 
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Proof of Theorem 2.4b\ It is enough to prove that the morphism z/^ : A'([/, jF|j/)* 



Cous{lJ,J^\uy is a quasiisomorphism for any open subset U <Z X. The sheaf T\u is 
Cohen-Macaulay on f/, hence we may suppose that U = X. 

Using several intermediate complexes, we transform the A'-adelic complex into the 
Cousin complex. For each number p, < p < (i, consider the following complex: 

C;:0^ JJ A'((z),^)^...^ J] A'((zo...^0,-^)-----A'((O...p),^)^ 

0<i<P 0<io<...*i<p 

The differential in the first part of this complex coincides with that in the A'-adelic 
complex, the differential in the second part coincides with that in the Cousin complex, 
and the differential in the middle A'((0. . — > if^+^(X, JF) is equal to the 

composition of the boundary map A'((0 . . . p), JF) — > A'((0 . . .p, (p + 1)), JF) with the 
map 1^0.. .(p+i)- Thus = Cous{X,J^Y and C* = A'(X,J^)V 

For each p, 1 < p < (i, there is a natural morphism of complexes (pp-. C' —>■ C*_i that 
is equal to the natural projection for the first part of the complex C*, is equal to v'q ^ 
for the p-th terms of C*, and is equal to the identity maps for the second part of the 
complex Cp. We have o . . . o = i^^. We prove by induction on p that the morphism 
ifp is actually a quasiisomorphism for all X and T as above. 

For p = 0, there is nothing to prove. Suppose that 1 < p < = dim(X). By Lemma 
12.231 the morphism ipp is surjective. So we need to show that the kernel of ipp is an exact 
complex. By construction, Ker((y9p)* is equal to the complex 

O^A'((p),^)^ JJ A'((zp),^)^...^ n A'((2o...^zp),^)-... 

0<i<p 0<io<...<i;<P 



...^ n A'((0...?...p),^)^Ker(z/;.„p)^0. 

0<i<p 

For each schematic point rj G X^*'^ consider the natural morphism : X^ = 
Spec{Ox,r]) — ^ X. Note that is Cohen-Macaulay on X^. Hence, by the induction 
hypothesis, the following complex is exact: 

0<i<p 0<io<...<ii<p 

. . . ^ A'((0 . . . (p - 1)), j;^) ^ H^^iX, :f) ^ 0. 

Now we take the product of these complexes over all points rj E X^''\ We get the 
exact complex 

B;:0^ n ^n^---^ n ( n A'iito...tiv),j;j') 

rieX(p) rieXM \0<io<...<ii<p 
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where the restricted product is taken in the same sense as in Lemma [2.451 and, as above, 
the index (zq . . . iirjp) means that we consider the set of all flags rjo . . . rjirjp on X of type 
{io . . . iip) with fixed r]p. Finally, by Lemma 12.451 we see that Ker(y9p)* = T<p{B'), where 
T<p is the canonical truncation of a complex, and thus the complex Kei^ipp)* is exact. □ 

The following technical result is needed for the sequel. For any adele h and an 
increasing sequence of natural numbers (jo • • -jq), by hj^^,,,j^ denote the component of h 
that has type (jo ■■■jq)- 

Lemma 2.48. Under the assumptions from Theorem \2.46[ consider an increasing se- 
quence (0 . . . /ii+i . . .ip) of depth I and an adele g G A'((0 . . . lii+i . . .ip),J^) such that 
u'q nj^^Jg) = 0. Then there exists an adele /i G Yl A'((0 . . . L . . /z^+i . . . ip), JF) such 

0<i<l 

that {dh)o...Hi+i...ip = g, where d is the differential in the A'-adelic complex. 

Proof. We use notations from the proof of Theorem 12.461 Fix a flag rji^i . . .rjp of 
type {ii-^i . . . ip) . We have 5'o.../r;,+i...7?p G A'((0 . . . /), j*j^^jF). By the condition of the 
lemma, go...ir]i+i...rip is a degree / cocycle in the complex C* constructed for the lo- 
cal scheme and the sheaf It follows from the proof of Theorem 13.341 
that the complex C* is exact for Xj^^^^ and jj^,^-^-^- Therefore there exists an adele 
K+i-rip e n A'((0. . .z. . J^) such that rf,,,+i(/i,,,+i...^Jo...« = /o.../r,,+i...r,p, where 

0<i<l 

drji^-^ is the differential in the A'-adelic complex on X^^^^ . By Lemma 12.451 the collection 

m+i-Vv o<i<i 

belongs to the A'-adelic group Yl A'((0 /i^+i ... ip), JF) and h satisfied the 

0<i<l 

needed condition. □ 



3 Adeles for homology sheaves 

We give some particular example of a class of sheaves on a smooth variety X over a field 
such that for any sheaf JF from this class the morphism of complexes of sheaves JF — > 
A(X, J-')* is a quasiisomorphism, i.e., the adelic complex is in fact a fiasque resolution for 
the sheaf JF. This class of sheaves naturally arises from homology theories. In addition, 
these sheaves are Cohen-Macaulay in the sense of [12] (see Corollary 13. 9( z)). 

3.1 Homology theories 

Let A; be a field and Vk be the category of varieties over k. 
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Definition 3.1. A weak homology theory over k is a presheaf on Vk in the Zariski 
topology with value in the category of graded abelian groups 

X F„.{X), {j:U^X)^ (j* : F„.{X) ^ F„(f/)) 

such that for any closed embedding f : X' X , there is a functorial homomorphism of 
graded abelian groups : F„(X') Fn{X) satisfying the following axioms: 

(WHl): for any open embedding j : U "—^ X and a closed embedding f : X' X , the 
following diagram commutes: 

i /* i /* 

F„(f/) ^ F„(X), 

where j' : f/' = f^^{U) "—>■ X' is an open embedding; 
(WH2): for any closed embedding i : Z ^ X there exists a long exact localization sequence 

. . . ^ ^ F„(X) ^ F„(X\Z) ^ . . . , 

where j : X\Z s> X is an open embedding; in addition, for any for any closed 
embedding f : X' "—^ X and any pair of closed subsets i : Z "-^ X , i' : Z' X' 
such that f{Z') C Z, the following diagram commutes: 

i /* i /* i /*'-'^ i /* 

where a : /~^(X\Z) ^ X\Z is an open embedding. 

Note that this is a modified version of the notion of a twisted homology theory 
from [5]. 

Let F^: be a weak homology theory over a field k. For an irreducible variety X over 
A; and n G Z, we put -F„(A;(X)) = limF„([/), where the limit is taken over all open 

u 

non-empty subsets U C X. Evidently, this definition is correct, i.e., F„(fc(X)) depends 
only on the birational class of X. 

The same reasoning as in [5], Proposition 3.7 shows that for any variety X over k, 
there is a homological type spectral sequence Ep g{X, F*) = Fp^q{k{vi)) =^ Fp+g(X), 

where X(p) is the set of all points rj on X such that dim(7j) = p. The corresponding 
ascending filtration on -F„(X) is defined by Im( lim Fn{Z) —>■ F„(X)) C i^„(X), where 

X<p is the set of all closed subsets Z in X of dimension at most p. For p,q ^ we put 
Gers{X, F^, q)p = E^^^^X, F^). Thus Gers{X, F^, q), is a homological type complex. 
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Let us say that a variety X is equidimensional if all irreducible components of X 
have the same dimension. For an equidimensional variety X of dimension d, we put 
Gers{X, F*, n)^ = F,,) = Fn-p{k{r])). The cohomological type complex 

Gers(X, F*, n)* is called the Gersten complex associated to the weak homology theory 
Ff. Given a collection {/^} G Fn-.p{k{ri)), the set of all schematic points r/ G 

r7GX(p) 

such that 7^ is called the support of the collection {/^}. 

It is readily seen that for any g G Z the functors F(g)„(X) = if„(Gers(X, F*, g),), 
n G Z, n > also form a weak homology theory. For an irreducible variety X of 
dimension d, we have F{q)d{k{X)) = Fd+q{k{X)) and F(g)„(A;(X)) = for n 7^ (i. 
Therefore, Gers(X, F{q)^, 0), = Gers(X, F*, g), and Gers(X, F{q)^, m), = if m 7^ 0. 

Definition 3.2. For a weak homology theory F^,, the homology sheaves J-'n,n G Z are 
the sheaves on Vk in the Zariski topology associated to the presheaves F„, n G Z. 

We put J-"^ to be the restriction of the sheaf JF„ to the variety X if we need to 
distinguish sheaves on different spaces. Thus for an irreducible variety X, we have 
{J^n)x = F'n{k{X)). Note that for an open subset iu '■ U ^ X, we have {iu)*^n = ^n- 
We also denote by JF^ the sheaf {J-'n)u = iiu)*^n 

It is readily seen that for any irreducible variety X of dimension d and any g G Z, 
the sheaf Ti^q)-^ is 1-pure (see Section l275ll . 

Remark 3.3. Suppose that X is an equidimensional variety of dimension d over k, n is 
a schematic point on X, and D G X is a divisor; then any element / G {T{n)^ 
n G Z, is equal to the restriction of an element from Fn+d{,Xr\{D U i?)), where i? is a 
closed subset in X such that all irreducible components of R have codimension at least 
two in X. This follows directly from definitions and the localization sequence. 

For an equidimensional variety X, we may also consider the sheafified Gersten com- 
plex Gers jX, F^,n)', namely Gers jX, F^, nY = iirj) *Fn-p{k{vi)) , where for each 

point rj G X'^p\ we consider Fn-p{k{r])) as a constant sheaf on rj. There is a morphism 
of complexes of sheaves J-'^ Cous jX, J-'^)' — > Gers jX, F^, n)' , where JF^ is consid- 
ered as a complex concentrated in the zero term. Also, we have H'^( Gers (X, F^, n)') = 
J^{n — d)-^_^ and there is a natural morphism of sheaves Tin — d)f, where 

d = dim(X). 

For any equidimensional closed subset Z C X of codimension p in X, we have 
'jz Gers iX, F^,n)* = Gers jZ, F^,n — p)'[—p]. In particular, R'^'yz Gers jX, F^, n) = 
— (i)f_g, where d = dim(X). Also, there are natural morphisms of sheaves 
T^_p RP-rz Gers (X, F„ n) = T{n - rf)f_p and R^izT^ ^ RP-rz Gers (X, F„ n). How- 
ever, in general there is no natural morphism between the sheaves J-'^_p and R^'-fz^^ ■ 

Definition 3.4. We say that a weak homology theory F^ over a field is a homology 
theory locally acyclic in fibrations (l.a.f. homology theory) if the following two conditions 
are satisfied: 
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(H): for any finite morphism f : X' ^ X , there is a functorial homomorphism of graded 
abelian groups /* : — >• Fn{X) extending the one for closed embeddings 
and such that the axioms (WHl) and (WH2) are satisfied with / being a finite 
morphism; 

(LAF): if for a closed embedding i : Z ^ X and a point rj E Z there exists a morphism 
71 : X Z such that n o i = idz and vr smooth at i], then there exists an open 
subset U d X containing t] such that the composition Fn{Z) — > Fn{U) 
is zero for any n G Z. 

We say that a scheme Y is of geometric type over k if Y = CiaUa, where {Ua} is a 
collection of open subsets in a variety X over k. For such Y, we put Fn{Y) = limF„(?7), 

u 

where the limit is taken over all open subsets U G X containing Y. It follows easily that 
Fn{Y) is independent in X. If Y is an equidimensional scheme of geometric type over 
k, then we put = lim Fn{Z), where the limit is taken over all closed subsets 

z 

Z G Y such that all irreducible components of Z have codimension at least p in Y. 

The proof of the next statement is the same as the proof of Theorem 5.11 in [22] or 
Theorem 4.2 in [5]. 

Proposition 3.5. Let F^ be an l.a.f. homology theory over a field k; then for any regular 
irreducible local scheme Y of geometric type over k and any n G Z, there is a natural 
short exact sequence 

where the first map takes each element a G Fn{Z) to the restrictions of a to the generic 
points of all components in Z that have codimension pinY. 

Remark 3.6. The differential in the Gersten complex for Y equals to the composition of 
two corresponding maps in the exact triples from Proposition 13.51 for n and for n + 1. 

Corollary 3.7. Under the notations from Proposition \3.5\. any cocycle {/^} G 
Fn{k{ri)) in the Gersten complex on Y is equal to the restriction of an element 

a G Fn{Z) such that the set of all codimension p components of Z is equal to the support 
of{f,}. 

Proof. By Proposition 13.51 any cocycle {/^} G Fnikirf)) is defined by an element 

a G Fn{Z) for a certain closed subset Z gY oi codimension at least p. Let Zq G Z he 
a codimension p irreducible component in Y that is not from the support of {/,,}. Note 
that Fn{k{ZQ)) = lim.Fn{U), where the limit is taken over all open subsets U G Zq that 

are also open in Z. From the localization sequence it follows that, in fact, a belongs 
to Fn{Z'), where the closed subset Z' G Z has the same irreducible components as Z 
except for Zq and Zq is replaced by a proper closed subset. This concludes the proof. □ 
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Proposition 13.51 also implies the following important statement. 



Proposition 3.8. Let F^, he an l.a.f. homology theory over a field k; then for any 
equidimensional regular variety X over k and for any n G Z, the morphism of complexes 
of sheaves J-'^ Gers jX, F^,n)* is a quasiisomorphism. 

Corollary 3.9. Let F^, be an l.a.f. homology theory over a field k, X he an equidimen- 
sional regular variety X over k, and n G Z; then we have: 

(i) the sheaf J^^ on X is Cohen-Macaulay in the sense of [T^ and the natural mor- 
phism of complexes of sheaves Cous jX, T^Y —* Gers jX, F^,n)' is an isomor- 
phism; in particular, the sheaves J^^ are 1-pure on X . 

(a) for any equidimensional closed subset Z G X of codimension p, the natural mor- 
phism of sheaves EP^z^n ~^ Wlz Gers (X, F^,n)' = J^{n — is an isomor- 
phism; in particular, there is a natural morphism J^^-p R^lz^n ' which is an 
isomorphism at the generic points of Z ; 

(Hi) for any q E Z, we have J^{q)^ = ^d+q ^'^^ ^il)m — ^ if m 0. 

Corollary 3.10. Let be an l.a.f. homology theory. Suppose X is an equidimensional 
variety that is regular outside of a codimension two closed subset; then for any point 
Tj G X and any n G 7j, we have 

{nn)^\ = ^F^UOx,d) C F^UKX)), 

D 

where d = dim(X) and D runs over all irreducible divisors in X containing r). 

Proof. This follows from the regularity of the discrete valuation ring Ox,d for any D and 
the exactness of the Gersten complex for Xjj = Spec(Cx,_D)- CH 

Examples 3.11. 

The following examples are homology theories locally acyclic in fibrations: 

1) F„(X) = K;(X) = TTr,+i{BQM{X)) forn > and F„(X) = forn < 0, where 
A4{X) is the exact category of coherent sheaves on X (see [22], proof of Theorem 5.11). 

2) Fn{X) = Hn{X,i) for some i G Z, where {H*,H^) is a Poincare duality theory 
with supports in the sense of Bloch-Ogus (see [5j, Proposition 4.5). 

3) Fn{X) = An{X] M), where M is a cycle module over k in the sense of Rost (see 
[23] . proof of Proposition 6.4). In this case we have Gers{X, F^,0), = C,{X]M) in 
notations from [23] and Gers{X, F*, m), = if m 7^ 0. 

Remark 3.12. The sheaf /C„((9x) on a smooth variety X over k from both Examples 
13.111 1) and Examples 13.111 3) for M = Kn (compare with Corollary 13.91 (^^^) ) • 

n>0 

In the next three sections we develop some technique necessary for the proof of 
Lemma 13.371 
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3.2 Strongly locally effaceable pairs 



Let be a homology theory locally acyclic in fibrations over a field k and X be an 
equidimensional variety. Consider equidimensional subvarieties Z G X and Z C X of 
codimensions p and p — 1 in X, respectively, such that Z G Z. 

Definition 3.13. Suppose that for each (not necessary closed) point x & Z and for any 

open subset V G X containing x, there exists a smaller open subset W G X containing 
X such that the natural map 

F^{vnz)^Fn{wnz) 

is zero for all n G Z. In addition, suppose that for any q > 0, there exists an assignment 
R (-^ A(i?), where R is an equidimensional subvariety of codimension q in Z, A{R) is an 
equidimensional subvariety of codimension q in Z such that R G A{R) and for any (not 
necessary closed) point x E Z, for any open subset V G X containing x, there exists a 
smaller open subset W G X containing x such that the composition 

Fn{V n {Z\R)) ^ F^{V n {Z\A{R))) ^ Fn{W n {Z\A{R))) 

is zero for all n E Z (in fact, this condition makes sense whenever x E R). Then we say 
that the pair of subvarieties {Z,Z) is a strongly locally effaceable pair, or an s.l.e. pair 
(developing the terminology from [5]). 

The assignment A in the definition of s.l.e. pairs is needed to establish a relation 
with the Gersten complex, as is stated in the next proposition. 

Proposition 3.14. Suppose that the field k is infinite and perfect. Let {Z, Z) be an s.l.e. 

pair of subvarieties on a smooth variety X over the field k such that Z has codimension p 
in X . Choose an arbitrary (not necessary closed) point x G Z . Suppose that the collection 
{fz} ^ Fn{k{z)) is a cocycle in the Gersten complex on X^ = Spec{Ox x) , i-^-, 

suppose that (ix({/2}) = 0, where is the differential in the complex Gers^X^, F^, n+p)'. 
Then there exists a collection {g^} G Fn+i{k(z)) such that dx{{gz}) = {fx}- 

Proof. It follows from Corollary 13.71 that the collection {fz} is defined by an element 
a G Fn{{ZU S)x) for a certain closed subset S G X such that each irreducible component 
of S has codimension at least p+1 in X and is not contained in Z. We may assume that 
S is equidimensional of codimension p+1 in X. Hence the intersection ZdS is contained 
in some equidimensional subvariety R G Z oi codimension p + 2 in X. Furthermore, 
a G Fn{V n (Z U 5*)) for some open subset V G X containing x. 

By Corollary I3.18[ there is an equidimensional subvariety S of codimension p in X 
such that the pair (A(i?) U S, S) is strongly locally effaceable. Consider the following 
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commutative diagram, whose middle column is exact in the middle term: 



F„(A(i?)U>5) 
i 

F„(ZU5) F^(ZUS) 

F^{Z\R) F^{Z\{A{R)US)) 
The map in the bottom raw is the composition 

Fn{Z\R) ^ Fn{Z\A{R)) ^ Fn{Z\{A{R) U S)). 

Since the pairs {Z, Z) and (A(i?) U 5", 5") are s.l.e., for the point x E Z and the open 
subset V C X considered above, there exists a smaller open subset W G X containing 
X such that the map 

F^{v n (z u S)) ^ F^{w n{zu s)) 

is zero. Therefore a is a coboundary of an element (3 G Fn+i{Wr\{{ZUS)\{ZUS))) in the 
localization exact sequence associated to the closed embedding Wn{Z[JS) ^ Wn{Z[JS). 
In particular, /3 defines a collection {g^} G Fn+i{k{z)). Note that all codimension 

p — 1 irreducible components of Z U arc contained in Z, while all codimension p 
irreducible components of Z US' are in Z (as before, codimensions are taken with respect 
to X). Therefore dx{{gz}) = {fz} and the proposition is proved. □ 

3.3 Existence and addition of strongly locally effaceable pairs 
Let F^ be an l.a.f. homology theory over a field k and X be a variety over k. 

Definition 3.15. Let / > be a natural number and {Z, Z) be an s.l.e. pair on X. 
Suppose that for each irreducible subvariety C G X and an equidimensional subvariety 
R G Z of codimension q in Z with C ^ R, we can choose an equidimensional subva- 
riety Ac{R) G Z of codimension q in Z such that C ^ Ac{R), R G Ac{R), and the 
following property holds true. For any / irreducible subvarieties Ci, ... ,Cf G Z, foi any 
/ equidimensional subvarieties Ri, . . . ,Rf G Z (maybe of different codimensions in Z) 
with Ci ^ Ri for all i, 1 < i < /, for any schematic point x E Z, and an open subset 
V G X containing x, there exists a smaller open subset W G X containing x such that 
the natural map 

FniV n iZ\{R, U...URf)))^ Fn{W n (Z\(Ac,(i?i) u . . . U Ac,iRf)))) 

is zero for all n El. Then we say that the pair of subvarieties (Z, Z) is strongly locally 
effaceable with the freedom degree at least f or is an f -s.l.e. pair. In particular, a strongly 
locally effaceable pair with the freedom degree at least zero is the same as a strongly locally 
effaceable pair. 



FniS) 
i 

FniZUS) 
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Remark 3.16. If the pair {Z,Z) is f-s.l.e. and Z' G Z is any closed equidimensional 
subset of the same dimension as Z, then the pair {Z', Z) is also /-s.l.e. 

Here is the existence theorem for strongly locally effaceable pairs with a given freedom 
degree. 

Theorem 3.17. Suppose that the field k is infinite and perfect. Let X be an affine smooth 
variety over the field k. Consider an equidimensional subvariety Z of codimension p> 2 
in X and a finite subset of closed points T C X\Z . Then for any natural number f > 0, 
there exists a subvariety Z D Z that does not contain any point from T and such that 
the pair {Z, Z) is strongly locally effaceable with the freedom degree at least f . 

Corollary 3.18. Suppose that the field k is infinite and perfect. Let X be a smooth 
variety over the field k. Consider an equidimensional subvariety Z of codimension p > 2 
in X and a closed subset T G X such that no irreducible component ofT is contained in 
Z and T has codimension at most p— 1 in X . Then there exists a subvariety Z D Z that 
does not contain any irreducible component ofT and such that the pair {Z, Z) is s.l.e. 

Proof. Consider a finite open affine covering X = UaUa- For each a and for each 
irreducible component of T fl ^7^, choose a closed point on it outside of Z and thus get 
a finite subset C Ua\Z. The application of Theorem 13.171 for the intersection of all 
data with Ua yields the existence of a closed subset Za C Ua such that Z^ does not 
contain any point from and the pair {Z fl f/^, Z^) is s.l.e. We put Z = UaZ^, where 
the bar denotes the closure in X. By the codimension assumption, Z does not contain 
any irreducible component of T. Also, the pair [Z, Z) is s.l.e., where A{R) can be taken 
as the union over a of the closures of Aa{R H Ua) for an equidimensional subvariety 
RCZ. □ 

Corollary 3.19. Suppose that the field k is infinite and perfect. Let X be a smooth 
quasiprojective variety over the field k. Consider an equidimensional subvariety Z of 
codimension p > 2 in X and a closed subset T <Z X such that no irreducible component 
ofT is contained in Z. Then there exists a subvariety Z ^ Z that does not contain any 
irreducible component of T and such that the pair {Z, Z) is s.l.e. 

Proof. For each irreducible component of T we choose a closed point on it outside of Z. 
Thus we get a finite set of closed points T' C X\Z. Since X is quasiprojective, there 
exists a finite open affine covering X = UaUa such that for each a we have T' (ZUa- To 
conclude the proof, we repeat the same argument as in the proof of Corollary 13.181 □ 

Combining Proposition 13.141 and Corollary 13. 181 we get the following statement, which 
could be considered as a uniform version of Gersten conjecture for smooth varieties and 
has interest in its own right. 

Corollary 3.20. Suppose that the field k is infinite and perfect. Let X be a smooth 
variety over the field k. Then for any equidimensional subvariety Z G X of codimension 
p in X there exists an equidimensional subvariety Z D Z of codimension p — 1 in X 
with the following property. Suppose we are given an arbitrary (not necessary closed) 



31 



point X & Z and a collection {/^} G ^ Fn{k{z)) such that {fz} is a cocycle in the 



local Gersten resolution at x, i.e., that dx{{fz}) = 0. Then there exists a collection 
{91} G Fn+i{k{z)) such that d^{{gz}) = {fz}- 

Remark 3.21. Corollary 13.201 is stronger than Theorem 4.2 in [5] or Theorem 5.11 in 
|22] . Namely in |5j the analogous result was shown for a fixed subvariety Z, a fixed 
point X E Z, and a fixed collection {fz} on Z^. The proof in [3] does not seem to imply 
directly Corollary 13.201 and that is why we use some different geometrical method during 
the proof of Theorem 13.171 



Proof of Theorem \3.17\ The proof is in two steps. 

Step 1. During this step "a point" always means "a closed point". Recall that 
d = dimX. We say that a morphism it : X ^ A'^^^ resolves a point x G Z if vr is smooth 
of relative dimension one at x, the restriction ip = n\z is finite, ip~'^{ip{x)) = {x}, 
and vr(T) fl 7r(Z) = 0. The following geometric result is a globalization of Quillen's 
construction used in his proof of Gersten conjecture, see |22], Lemma 5.12 and [5j, Claim 
on p. 191. 

Proposition 3.22. Under the above assumptions, there exists a finite setT, of morphisms 
n : X ^ A"^^^ such that for any f points yi, . . . ,yf G X and any point x E Z , there 
exists TT G S such that it resolves x and TT{yi) ^ 7r(Z\{yj}) for all i,l < i < f . 

Proof. Using Claim I3.23[ we prove by decreasing induction on e, — 1 < e < / that 
for any e + 1 irreducible subsets Zq . . . , Z^ in Z there exist non-empty open subsets 
Uq C Zq, . . . ,Ue C Ze and a finite set of morphisms S such that the statement of 
Proposition 13.221 is true for all collections of points (x, yi, . . . , yf, y[, . . . , y'j-) satisfying 
X G Uq, yi G Ui for all i,l < i < e, yi E Z for alH, e + 1 < i < /, and y^ G X\Z for 
alH, < z < /. Note that for e = — 1 this immediately implies the needed statement of 
Proposition 13.221 

Suppose that e = / and y[, . . . ,y'j are / arbitrary points in X\Z. The application 
of Claim 13.231 for the points y[, . . . ,y'j: and the closed subsets Zq, . . . , Zf in Z yields the 
existence of non-empty open subsets Uq C Zq, . . . ,Uf C Zf and a morphism vr satisfying 
the conditions from Claim \^72^ Since the conditions y'i ^ 7r^^(7r(Z)), 1 < i < f are 
open, there is a finite open covering UaVa of the direct product (X\Z)^-^ such that for 
all a, any collection {y[, . . . ,y'j:) from the open subset Va satisfies the conditions from 
Claim [3^23] with respect to some non-empty open subsets Uq C Zq, . . . ,UJ d Z f and a 
morphism tt". Taking the finite intersections Ui = CiaU" for each i,0 < i < f , we get 
the needed open subsets in Zj, < z < /, while the needed finite set of morphisms is 
S = {tTq}. 

Now let us do the induction step from e to e — 1. Choose any irreducible com- 
ponent Ci of Z. By the inductive hypothesis, there exist non-empty open subsets 
Uq C Zq, . . . , U^_i C Ze-i, Ul C Ci and a finite set of morphisms Si such that they 
satisfy the conditions stated above. We may assume that the subset Ul C Ci is also 
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open in Z. Let C2 be one of tlie irreducible components of Z\U^. Again, by the induc- 
tive hypothesis, there exist other open subsets Uq C Zq, . . . , U^_i C ^e-i, C. C2 and a 
finite set of morphisms S2 such that they satisfy the conditions stated above. We repeat 
the same step until we come to the end of the obtained finite stratification of Z by open 
subsets ui in Cj. Taking the finite intersections Ui = HjU- for each i,0<'i<e — 1, we 
get the needed open subsets in Zi, < i < e, while the needed finite set of morphisms is 
equal to the finite union S = U^Sj. □ 

Claim 3.23. For any f points y'l ■ ■ ■ ,y'f & X\Z and / + 1 closed subsets Zq, . . . , Zj C Z 

there exist non-empty open subsets Ui G Zi, < i < f and a morphism n : X A'^^^ 
such that TT resolves all point x from Uq (with respect to Z), 7r{yi) ^ 7r(Z\{?/j}) for any 
point yi E Ui, 1 < i < f , and 'niy'i) 4- ^(^) f^'^ all i,l < i < f . 

Proof. Let X C be a projective variety such that X = X\H, where H C is a 
hyperplane. In what follows the bar denotes the projective closure in P^ and the star 
denotes a join of two projective subvarieties in P^. 

Without loss of generality we may assume that T contains the points y[ . . . ,y'jr and 
that Zi are irreducible for all i,0 < i < f. Let be an arbitrary smooth point on 
Zi for each i,0 < i < f (such x[ exist because the field is perfect). We have the 
following dimension conditions: dim{H HZ) < d — 3, dim{H (1 {T * Z)) < d ~ 2, 
dim{H n = d-1, and dim{H f] T^) < - 3 for alH, < i < /. Since the 

ground field is infinite, there exists a projective subspace L' C if of codimension d — 2 
in H such that L' does not intersect with Z, intersects T * Z in a finite set of points, 
intersects T^'^X in a line, and does not intersect with any T^^'Zj for < i < f . Note 
that the projection ttl/ with the center at L' defines on Z a finite morphism ipi'- Put 
ZI = LpJ^}{LpLi{Zi)) C Z foT < i < f. For each i,0 < i < f , let Xi be an arbitrary point 
on Zi C ZI such that Xi is smooth on Z^, T^^Zi does not intersect with L', and T^^X 
intersects L' in a line. 

We claim that the intersection L' fl (xj * Z-) is a finite set of points for all i,0 < i < f. 
Indeed, each join Xi * Z[ is the union two subsets. The first one is the tangent space to Z[ 
at Xi and does not intersect with V . The second one is the union of lines passing through 
Xi and other points from Z[. The intersection of this union of lines with L' corresponds 
to the fiber of Xi under the finite morphism and therefore is finite. Hence there exists 
a hyperplane L C L' that does not intersect with the joins T * Z and Xi * Z[ for any 
i,0 < i < f and that intersects the tangent spaces T^-^X in one point. Since the variety 
X is smooth, the projection tcl with the center at L is smooth at xq- Besides, the map 
ttl can not glue points from Z'^ with points from Z\Zl for any i,0 < i < f . Therefore the 
application of Lemma 13.241 with Y = Z[ yields that there exist non-empty open subsets 
Ui C Zi containing Xj such that vr^, resolves all points x from f/g and {p2^{(pL{yi)) = {Vi} 
for all points yi from Ui, 1 < i < f , where ^Pl = t^lIz- In addition, 7r(T) does not 
intersect with 7r(Z), and, in particular, 7r(?/-) ^ vr(Z) for alH, 1 < i < /. □ 

We have used the following fact from projective geometry. 

Lemma 3.24. Let Y C P^ be a projective variety, x & Y be a smooth point on Y. 
Suppose that a projective subspace M C P^ does not intersect with the join x *Y . Then 
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there exists an open subset W d Y containing x such that if ^{(f{y)) = {y} for all 
y G W , where ip is the restriction to Y of the projection ttm with the center at M. 

Step 2. In notations from Proposition 13.221 consider the finite set E of morphisms 
TT : X — > A*^"^. Put Z = U7[^^{tt{Z)), where the union is taken over all vr G S. By 
construction, Z does not contain any irreducible component of T. 

Proposition 3.25. The pair (Z, Z) is f-s.l.e. 

Proof. Essentially, we repeat the proof of Theorem 5.11 in [22] with some modifications. 

First we note that after we choose a suitable closed point x'onxcZwe may suppose 
that the given open subset V 3 x actually contains x'. Thus we may suppose x to be 
closed. 

Choose TT G S that resolves x and, as before, put = 7t\z. Following the construction 
of Quillen, consider the Cartesian square: 

Y ^ X 
i tt' In 
Z ^ A'^-i. 

Note that ip' is finite onto its image, p'(Y) = tt^^{7t{Z)) is a closed subset in Z, and 
{ip')~^{x) consists of one point, which we denote by z. Besides, the morphism vr' is smooth 
at z and admits a canonical section a : Z Y (with cr{x) = z). Since the homology 
theory is locally acyclic in fibrations, the composition -^n(^) -^n(^') is 

zero for all n G Z and for some suitable open subset Y' G Y containing z. Hence the 
map Fn{Z) — > Fn{Z D U) is also zero for all n E Z and for some suitable open subset 
U <Z X containing x such that {ip')~^{U) C Y' (such U exists, since ip' is finite and 

{pr\x) = {z}). 

Take an arbitrary open subset V G X containing x. Since p ^{p{x)) = {x} and p is 
finite, there exists an open subset D C A*^"^ such that x G p^^{D) C V. Restricting the 
Cartesian diagram from A'^"^ to D, we get that the natural map Fn{Vr\Z) Fn{Wr\Z) 
is zero for all G Z and for some suitable open subset W G V containing x. 

Further, consider an irreducible subvariety C G X and an equidimensional subvariety 
R G Z of codimension q in Z such that C R. We put 

MR) = U ( U ^"'(^(^)) 

y€C\R 

where Hy is the set of all vr G S such that TT{y) ^ 7r(Z\{y}). For instance, if C is not 
contained in Z, then Ac{R) = U'7r~^('7r(i?)) where the union is taken over all vr G S. 
For irreducible subvarieties Ci, ... ,Cf in X and subvarieties Ri, . . . ,Rf in Z satisfying 
the needed conditions, we choose closed points yi G Ci\Ri. By construction, for any 
closed point x E Z, there is a morphism vr G S such that it resolves x and belongs to 
n . . . n . The same argument with the analogous Cartesian diagram as before 
leads to the needed result. □ 
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This completes the proof of Theorem 13.171 



□ 



Remark 3.26. In Theorem 13.171 one may also require that each irreducible component 
in Z contains some irreducible component in Z. This follows from the fact that for 
each irreducible component Zq in Z, the variety tt~^{tt{Zq)) is irreducible in an open 
neighborhood of a given point x, where vr : X ^ A'^"^ is a morphism that resolves the 
point X and, in particular, is smooth at x. 

The following proposition allows to add strongly locally effaceable pairs. 

Proposition 3.27. Suppose that the field k is infinite and perfect. Let X be an affine 
smooth variety over the field k. Consider two equidimensional suhvarieties Zi and Z2 
of the same codimension p > 2 in X . Suppose that we are given a subvariety Zi D Zi 
such that the pair {Zi,Zi) is strongly locally effaceable with the freedom degree at least 
/ > 2. Consider a closed subset T <Z X such that all irreducible components of T have 
codimension at mostp — 1 in X , and an irreducible subvariety K G X such that K is not 
contained in Z2. Then there exists a subvariety Z2 such that no irreducible component of 
T and K is contained in Z2 and the pair {Zi U Z2, Zi U Z2) is strongly locally effaceable 
with the freedom degree at least / — 1 . 

Proof. If K is not contained in Zi, then the statement of the proposition follows directly 
from Theorem 13.171 after we choose a closed point on each irreducible component of T 
and K outside of Zi U Z2 (in this case the freedom degree does not decrease). Otherwise 
we use the same construction as in the proof of Proposition 13.141 

Suppose that K G Zi. Then there is a codimension one subvariety Z2 in Zi such that 
Z2 does not contain K and contains the intersection of Zi with each irreducible compo- 
nent of Z2 that is not contained in Zi. Put Z3 = Ki^iZ'^) G Z^. By the codimension 
assumption, Z2 U Z3 does not contain any irreducible component of T . Choosing closed 
points on each irreducible component of T and on K outside of Z'2 U Z3, we see that, 
by Theorem 13.171 there exists a subvariety Z2 G X such that the pair {Z2 U Z3, Z2) is 
(/ — l)-s.l.e. and Z2 does not contain any irreducible component of T and K. 

We claim that the pair {Z\ U Z2, Z\ U Z2) is s.l.e. This is imphed by the following 
commutative diagram, whose middle column is exact in the middle term: 

Fn{Z2) 

^ 

Fn{Z^ U Z2) 



The map in the bottom raw is the composition 

F„(ZA^D ^ Fr,{Z^\Z^) ^ i^„(ZA(^2 U Z3)). 

Since the pairs (Zi, Zi) and {Z2 U Z3, Z2) are s.l.e., for any point x G ZiU Z2 and any 
open subset V G X containing x, there exists a smaller open subset x G W G X such 
that the map 

F^iy n (Zi u Z2)) ^ F^{w n {z, u Z2)) 



Fn{Z2 U Z3) 
J 

Fn{ZiUZ2) Fn{ZiUZ2) 

FJZAZ') FJZA(Z2UZs)) 
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is zero for all n G Z. 

Now consider an irreducible subvariety C d X and an equidimensional subvariety 
-R C ^1 U Z2 of codimension g in Zi U Z2 such that C ^ R. Let R' be the union of all 
irreducible components in R that are not contained in Z2. Let Aq{R') be the union 
of all irreducible components in Ac{R') C Zi that are not contained in Z2 U Z3. Then 
there exists an equidimensional subvariety R" C Z2U Z^ of codimension g in Z2 U Z3 
such that -R" contains the intersection (A^(i?') U i?) fl {Z2 U and does not contain 
C. Consider Ac{R") C Z2, where now Ac is taken with respect to the (/ — l)-s.l.e. pair 

(Z2UZ3,Z2). 

We claim that {Z1UZ2, Z1UZ2) is an (/ — l)-s.l.e. pair with respect to the assignment 
{R, C) I— s> Ac{R) = A'fj{R')UAc{R") ■ This is implied by the commutative diagram, which 
analogous to the previous one. This new diagram is the combination of two following 
diagrams: 

F„((ZiUZ2)\{i?,}) F„((ZiUZ2)\{A'c,(i?DUi?,}) 
F„(ZA(^^ U {i?,})) F„(ZA(^2UZ3U{A'c,^(i?0})), 
F„((Z2UZ3)\{A'^^(i?0Ui?,}) F^iZ2\{AcAR^)}) 

F^{{Z,UZ2)\{A'cSRi)UR,}) F^{iZ^UZ2)\{AcAR^)}). 

We glue these diagrams together using the following sequence, which is exact in the 
middle term: 

F„((Z2 U Z3)\{A'^^(i?:) U R,}) ^ U Z2)\{A'cSR'd U i?.}) - 

-.i^„(ZA(^2UZ3U{A^^(i?:)})). 

Here {Oj} means the union of objects Oj over alH, 1 < i < / — 1 and the horizontal 
maps in the diagrams are the compositions of direct images under closed embedding 
and restrictions to open subsets. The new diagram is analyzed in the same way as the 
previous one. □ 

Remark 3.28. For p = 1 by Quillen's result the only possible pair {Z, X) is s.l.e. However 
there is no analogue of Theorem 13.171 and Proposition 13.271 in this case with non-empty 
T and K. 

3.4 Patching systems 

Let be a field and X be an equidimensional variety over k. Consider an equidimensional 
subvariety Z G X of codimension p in X. 

Definition 3.29. Suppose that the system of equidimensional subvarieties {Z}'"^}, 1 < 
r < p — 1 of codimension r in X, respectively, satisfies the following conditions: 
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(i) the variety Z is contained in both varieties and and the variety Z]. U Z^ 
is contained in both varieties Z]._^ and Z'^._y for all r, 2 < r < p — 1; 

(ii) the pairs {Z,Zl_^), {Z,Zl_^), {Z} U Z^Z},^), and {Z} U Z.^^J are strongly 
locally effaceable with the freedom degree at least / for all r, 2 < r < p — 1; 

(iii) the varieties Z} and have no common irreducible components for all r, 1 < r < 
p — 1. 

Then we say that the system of subvarieties {Z^'^}, l<r<p — lisa patching system 
for the subvariety Z with the freedom degree at least f. 

Proposition 3.30. Suppose that the field k is infinite and perfect; then for any integer 
/ > and any equidimensional subvariety Z of codimension p in the affine smooth 
variety X over the field k, there exists a patching system {Z,^'^}, 1 < r < p ~ 1 on X for 
the subvariety Z with the freedom degree at least f . 

Proof. We construct the needed system of subvarieties {Z}:'^} by decreasing induction 
onr, l<r<p— 1. 

Suppose that r = p — 1. The application of Theorem 13.171 with empty T yields 
the existence of an equidimensional subvariety Zp_^ = Z G X of codimension p — 1 in 
X such that (Z, Zp_^) is an /-s.l.e pair. Choosing a closed point on each irreducible 
component of Zp_i, we see that the application of Theorem 13.171 yields the existence of 

an equidimensional subvariety Zp_i = Z oi codimension p — 1 m X such that Z'^_-^ has 
no common irreducible components with Z^_^ and (Z, Zp_^) is an /-s.l.e. pair. 

The induction step from r + 1 to r, 1 < r < p — 1 is analogous to the case r = p — 1 
with Z replaced by Z^^-^ U Z^^^. □ 

Remark 3.31. Using Corollary 13.181 instead of Theorem 13.171 in the proof of Proposition 
13.301 it is possible to show that for any equidimensional subvariety Z on a (not necessary 
affine) smooth variety X over an infinite perfect field there exists a patching system with 
the freedom degree at least zero. 

Remark 3.32. 

(i) By Remark 13.261 in Proposition 13.301 one may also require that each irreducible 
component in Zp_^ and Zp_^ contains some irreducible component in Z and that 
for allr,l<r<p — 2, each irreducible component in Z^ and Z^ contains some 
irreducible component in Z^^^ U Zj^_,_]^. 

(ii) Let W G X he an equidimensional subvariety such that W meets Z properly; if the 
patching system {Z^'"^} satisfies the condition from (i), then W meets Z* properly 
for all r, 1 < r < p — 1 and i = 1,2. Combining this fact with Corollary l3.19l we get 
that under conditions of Proposition 13.301 one may also require that no irreducible 
component in W (1 Z^ is contained in Z^ for all r, 1 < r < p — 1. 
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Let us introduce the following notation. Suppose that Zi (Z p < i < q are 
equidimensional subvarieties of codimension i in an equidimensional variety X over k 
such that Zq C ... C Zp. Consider a collection / = {/^} G Fn{k{ri)). We 

put iyzp...z,{f) = i'^H^.-iM^,) ° • • • ° '^k(zp)k{z^-i)){fzp), where Zp, . . . , range over 

Zp . ..Zq 

all collections of generic points in Zp, . . . , Zq such that for any i,p < i < q, we have 
Zi G Zi^i. For / G F„(A;(X)), let sing(/) be the set of irreducible divisors D on X such 
that uxDif) 7^ 0. 

Here is the main property of patching systems. 

Proposition 3.33. Let {Z}'"^}, l<r<p— Ibea patching system on X for the 

equidimensional subvariety Z G X of codimension p in X with the freedom degree at 

least zero. Given a (not necessary closed) point x E Z, suppose that a collection g G 

Fn-p{k{vi)) is a cocycle in the local Gersten resolution Gers(Y, F^,ny at x, where 
riex(p) 

Y = Xx, and that the support of the collection g is contained in Z . Then there exists 
a collection / G Fnikijj)) such that the subvariety sing(z/j^^i (/)) C Zl_^ is 

contained in Z^ U Z^ for all r,l < r < p — 1, and d,j.Vxzl...z^ ^(/) = 9^ where is the 
differential in the local Gersten complex Gers{Y, F^,,n)' . 

Proof. The proof is by induction on p > 1. For p = 1, by Remark 13.281 there is nothing 
to prove. 

Suppose that p > 1. Then, by Proposition 13.141 there exist two collections g^,g^ G 
Fn-p+i{k{rj)) with the support on Zp_^ and respectively, such that dx{g^) = 

g for i = 1,2. Therefore, dx{g^ — g"^) = and, by the inductive assumption, there 
exists a collection / G Gers{X, F^,n)^ such that smg{h'xzi...z^ j(/)) C Z^ U Z^ for all 
r, 1 < r < p - 2 and dxiyxzl...z^_^if) = 9^ - 5'^ where Zp_i = Zl_^ U Such / 

satisfies the needed conditions with respect to the initial collection g. □ 

3.5 Main theorem 

Let be a homology theory locally acyclic in fibrations over a field k. 

Theorem 3.34. Suppose that k is an infinite perfect field and that X is an irre- 
ducible smooth variety over k; then for any n G Z, the morphism ij_x '■ A{X, J-"^)' 
Cous jX, J-'^)* = Gers jX, F^, n)* is a quasiisomorphism. 

Corollary 3.35. Under the assumptions from Theorem \3.34\ the natural morphism 
KiX^T^y is a quasiisomorphism; in particular, the cohomology groups 
H^{A{X, J-"^)') are canonically isomorphic to the cohomology groups H^{X,T^). 

Remark 3.36. In Theorem 13.341 we make a strong restriction on the ground field to be 
infinite and perfect. In fact, the only one place where we use this is the geometric proof 
of Claim 13.231 It seems possible to prove the same result for smooth varieties over a 
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finite field, and, then, to reduce the case of regular varieties over an arbitrary field to 
that case by a standard argument of choosing a model. On the other hand, the author 
can prove Theorem 13.341 for dimX < 3 over an arbitrary field, avoiding Claim 13.231 



Proof of Theorem 3. 34 In is enough to prove that the morphism uu : A([/, JF^) 
Cous{U, J-'^) is a quasiisomorphism for any affine open subset U C X. We may put 
X = U. Since J'^ is a subsheaf in a constant sheaf, by Proposition 12.301 the complex 
A{X, J-'^y is a subcomplex in the complex A'{X, J-"^)* . By Remark 12.221 and Theorem 
12.461 it is enough to show that for any p, < p < d, the natural homomorphism 
HP{A{X,J^^y) HP{A'{X,T^y) is injective. 

For p = 0, there is nothing to prove. Suppose that 1 < p < d and consider an element 
/ G A{X,J^^)P. Suppose that / = d{g'), where g' G A'{X,J^^)p-\ We want to show 
that there exists g G A{X, J^^y~^ such that d{g) = f. We prove this by induction on 
the maximal depth /, — l</<p — 1, of types for non-zero components of g'. Recall 
that for any adele h and an increasing sequence of natural numbers (jo • • -jq), by hj^ j^ 
we denote the component of h that has type (jo • • ■ jq)- 

Suppose that / = —1. Let (^o...^p-l) be a sequence such that g'i^^,,,i^^^ 7^ 0; then 
io > and we have g'i^,„i^_^ = /oio...v-i e A((Oio • • • ip-i), J^^). By Corollary [2321 
9l.,,_, e A((zo . ■■^p-l),J'^) and thus g' G A{X,J^^y-\ 

Now suppose that / > 0. Let {0 . . . lii+i . . . ip_i) be a sequence such that 
9o...iii+j...ip_i 7^ 0- Suppose that / < p — 1. Combining Proposition 12.161 and Corollary 
\3.9U i). we get that the element z^o...«+i(/o.../+iii+i...ip_i) belong to the group 

e A((0(2,+i - / - 1) . . . (2,_i - / - 1)), ^(n - dfj^U) C 

C n ( ® F„_,_i(A;(7;,+i))), 

where d = dim(X) and the product is taken over all flags rji^^^ ■ ■ - Vip of type (i^+i . . .ip) 
and ?7i,^^ G On the other hand, the reciprocity law implies that 

T^o...i+i(fo...i+iii+i...ij,-i) = '^o...i+ii~^y^^9o...iii+i...ip-i- 
By Lemma I3.37[ there exists an element (7° G A((0 . . . lii+i . . . ip_i), ) such that 

^o...i+ii9o...iii+i...ip-i ~ 9^) = 0. 
By Lemma 12.481 there exists an element h' E Yl ^'((0 Ik+i ■ ■ ■ ip-i)^^n) such 

0<i<l 

that c?(/i')o.../.,+i...^,_, = 9o...l^,^,...^p., - 9^- Note that d{g' - g^ - d{h')) G A{X,T^y and 
the adele g' — g^ — d{h') has a strictly less nonzero depth / components than the adele 
g' . Therefore, by the inductive assumption, there exists an element g^ G A{X,J^^y^^ 
such that d^g"^) = d{g' — g^ — d{h')) and we put g = g^ + g^- 

Now suppose that / = p — 1; then, by Lemma |2.23[ there exists an element g^ G 
A((0 . . .p— 1), J^^) such that v'q p_i{g'—g^) = 0. By Lemma P2.48t there exists an element 
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h' e n A'((0. . . . .p - 1), J^^) such that rf(/i')o...p-i = W - ^°)o...p-i- Note that 

0<i<p-l 

d{g' — — d{h')) G A(X, J^^ Y ^'^d the adele g' — — d{h') has no components of depth 
p—1. Therefore, by the inductive assumption, there exists an element g^ G A(X, T^Y^^ 
such that (i((yf^) = d{g' — g^ — d{h')) and we put g = g^ + g^- □ 

The essential part in the proof of Theorem 13.341 is the following approximation type 
lemma. 

Lemma 3.37. Under the assumptions from Theorem Y3.34\ consider an adele 
f G A'((io ■ ■ - ip), ^n ) that the depth of the sequence (io • • • ip) is I < p and 

<..(i+i)U) e e i)),^(n - c 

C n ( ® F„_,_i(fc(r/,+i))), 

where d = dim(X) and the product is taken over all flags rji^^^ ■ ■ - Vip of type {ii+i . . .ip) 
and with rji^^^ G /J^+i. Then there exists an adele g E A{{io . . . ip),J^^) of the same type 
as f such that i'o...{i+i){g) = t'o...(i+i)(/)- 

Proof. During the proof rjs denotes a schematic point on X of codimension s in X (though 
sometimes points are considered on proper closed subvarieties in X). Further, c?^^ is the 
differential in the local Gersten resolution at 77^, i.e., in the complex Gers{X^^, F^,,ny . 
For any two subvarieties Ci, C2 in X, denote by Ci — C2 the union of all irreducible 
components of Ci that are not contained in C2. Notice that for any two subvarieties Ci, 
C2 in X, we have (Ci - C2) U C2 = Ci U C2. 

The proof is in two steps. 

Step 1. Consider the collection of A-adeles 

{h,,^.i^,^,^l^l)...i^p-l-l)} = ^a..a+i)(/) e e A((0(z,+i - / - 1) . . . - / - l)),^^Y-i)- 

Let ZiJ^i = Ur/;_|_^ be the union of the closures over the finite set of schematic points 
?7/+i G X*^'+^) such that is a non-zero adele on f]i_^_-^^. For each 

schematic point r/z+i G Z^^^ let {Z}^j^^,D^j^j,,.^^^ ^.^}, l + l<k<phe the system of 
divisors on r/;^^ arising from the adelic condition for the A-adele 
on (see Proposition 12.141) . 

Proposition 3.38. For any flag rji^^^ . . .rji^,, l + l < k < p on there exists an equidi- 
mensional subvariety ^;+i;,yi^^^...r,,^. C X of codimension I + 1 in X such that the system 
of subvarieties {Z^+i.^.^^^ ..^^^ }, l + l<k<ponX satisfies the following conditions: 

(i) for any point rji^^^ on Zi+i, we have Zi+i-^^^^^ {^1+1) ^ and for any flag 

Vii+i ...Vi,J + '^ < k <p on Zi+i we have Z^+i.^^^^^...^,^ (r/^J C (rnj; 
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(li) for any flag r]i^^^ . ..r]i^, I + 1 < k < p on Zi+i, the suhvariety Zi+i-^.^^^,,,^.^ - Zi+i 
contains the equidimensional suhvariety 

of codimension I + 2 in X and the pair (i?^.^^^...^.^ , — Zi+i) is strongly 

locally effaceahle with the freedom degree at least p — k. 

Proof. We construct the needed system of subvarieties ^.^} by induction on 

k, I + 1 < k < p. 

Suppose that k = I + 1. Since for each point rji^i e zj^'^-^ the system of divisors 
{Drfi^j^, Drn^-^nij^_^...rii^}, / + 1 < < p ou fji_^_i satisfics condition (*) from Proposition 
12.141 we get that for any point rji^^^ on X, the defined above subvariety Eri-^^^ does not 
contain ?7i,_^i. For each point rji^^^ on we choose closed points on each irreducible 
component of Zi^i and on rj^^^^ outside of i?^-^ ^ and thus get a finite set of closed points 
T^.^^_^ C X\Efi^^^^ . The application of Theorem 13.171 with f = p — I — 1, Z = E^^-^^^ , and 

T = Tri.^^^ yields the existence of an equidimensional subvariety Zrf^^^^ = Z oi codimension 
Z + 1 in X such that z^^-^^^ does not contain ^^^^ , has no common irreducible components 
with Zi+i, and {E^^^^^, z^^^^^) is an (p- / - l)-s.l.e. pair. We put ^z+i;r,,;_^^ = Zi+iUz^^^^^. 

Now we do the induction step from — 1 to fc, / + 1 < < p. As before, by condition 
(*) from Proposition I2.14[ for any flag rji^^^ ■ ■ - Vik ^i+iy the subvariety 

does not contain 77^^,. For each flag rji^^^ ■ ■ - Vik, application of Proposition 13.271 with 

^1 = 1' ^2 = ^r,,,+i...r;., " ^^^^^ ...r;.,_, , ^1 = ...r,,,_^ " T = Zi+i, 

and C = r/j^ yields the existence of an equidimensional subvariety zi+i-rj^^_^_^...ri^^ = Z2 
of codimension / + 1 in X such that Z/4-in n does not contain r7,- , has no common 
irreducible components with Zi+i, and 



is a (p - fc)-s.l.e. pair. We put Z^+i;^^^^^...^^^ = Zi+i.r,,^^^,„r,^^_^U zi+i-r,,^^^,,,^^^. By Remark 

is a (p- fc)-s.l.e. pair and Zi+i,r,,^^^,„^^^{r]iJ C (r/fc). □ 

Corollary 3.39. For any flag rii^_^^ ■ ■ - Vip on Zi+i, there exists a collection 

{9m+i;v.,.,-mJ e F„.-i-iik{rii+i)), 

satisfying the following conditions ( note that the closure of the point rji^i from the index 
of g may not contain rji^^J: 
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(^V ^fVi+i contains 7],^^^, t/ien ^^,^^;^,^^^,„^^^ = K+mn+^-m^'^ 

(in) the support of the collection {fl'ryi+i;??;^^^...??;^} is contained in the subvariety 

Proof. We use the notations from Proposition I3.38[ Since the A'-adele / has type 
{0...lii+i...ip), ii+i > / + 1, by reciprocity law, we have c^,?,,^^ }) = 

for any flag r]i^^^ . . . r]i^ on Zi+i, where {hrji+^rji^^_^...r,,J is considered as a 
collection from Gers(X^.^^^ , F^,, ra)'"'"^. Therefore the support of the collection 

{9m+2■,v^^+,■■■v^J = d^.pi{K+iVn+,-v.J) ^ Gers{X^^^, F^,ny+^ is contained in the sub- 
variety Efj.^^^,,,rii ^- Hence, by Propositions 13.141 and 13.381 there exists a collection 
^9m+i;v^,.,...v^J ^ Gers{Xr,^, F„ n)'+^ with the support on Zi^i such that 

<^ym+^■,v^,+,■■■m^) = 9m+2;m,+,-m,- Finally, we put ^r,,+i;r,,,^^...r,,^ = {K+im^+.-m,} ' 

Step 2. By Proposition I3.3U[ there exists a patching system {Z^'"^}, 1 < r < I on X 
for the subvariety Zi^i with the freedom degree at least p — 1. We extend this patching 
system to patching systems for all subvarieties , I + 1 < k < p. 

Proposition 3.40. For each k, l + l < k < p, and for each flag rj^^.^ ■ ■ - Vik ^i+i; there 
exists a patching system Z^:^.^ i-^^^' ^ — ''^ — ^ ^ /^^ ^^e subvariety Z^+i.^.^^^...^^^ with 
the freedom degree at least p — k, satisfying the following condition. Put D = ZluZf and 
Dn,^^^...n,^ = Z\.r>,^^^.-n^^ UZf.^^^^^ for any flag r^^^^ . . .rn^, l + l < k < p on Zi+i. Then 
for any point r]i^^^ on Zi+i, we have Dr,,^^_^ iVk+i) ^ D{r]i^^J and for any flag rji^^^ - --Vik' 

1 + l<k<p on Zi+i, we have /^r,,^^^...,,,^, (r/ij C D^,^^^,„^,^_^{r]i^). 

Proof. We use the notations from the proof of Proposition 13.381 The proof is by double 
induction on k and r,l + l<k<p, l<r<l (the induction on r is decreasing, as in 
the proof of Proposition 13.301) . 

Suppose that k = I + 1, r = 1. For each point r|i^^-^ on the application of 

Proposition 13.271 with Zi = Zi^i, Z2 = , Zi = Z} , T = Zf, and C = rji^^^ yields 

the existence of an equidimensional subvariety z].^. = Z2 d X oi codimension / in X 

such that z}.^^ does not contain fji^^^, has no common irreducible components with Zf, 

and (Z;+i.^^^^^,Z/u4^^^^^) is a (p-/-l)-s.l.e. pair. We put Z}.^^^^^ = ZlUz}.^^^^^. Using 

Proposition with Zi = Zi+i, Z2 = zi+i-r^.^^^, Zi = Zf, T = Z}^^.^,^^^, and C = r]^^^^, 

we get an equidimensional subvariety zf.^. = Z2 C X of codimension / in X such that 
zf.^_ does not contain tJ^^^^ , has no common irreducible components with Zl^^.^_ , and 
, Zf U zl^^^^^ ) is a (p - / - l)-s.l.e. pair. We put Zf^^^^^^ = Zf U z^^^^^^ . 



42 



The induction step from r + 1 to r for k = I + 1, 1 < r < I is analogous with Zi^i 
replaced by Z^_^-^ U ^^+1? ^i+i;vi replaced by zl^^^.^. U -2r+i;r?i 5 Zf replaced by 

The reasoning for arbitrary fc, / + 1 < A; < p is the same as for k = I + 1 with 
the subvarieties r/j^^^, Z^+i;^^^^^, zi+i-^^^^^^ replaced by the subvarieties r/^^, , 
zij^i-^r]i^^^...r]i^, respectively, for each flag ?7j,_^j . . . rji^ on and with the patching system 
{Z}'"^}, 1 < r < / replaced by the inductively defined patching system {Z}:^.^ ^}. 

By construction, the system of divisors {-D, D^^^^^ ^ }, / + 1 < A; < p on X satisfies 
the needed condition. □ 

Corollary 3.41. For any flag {rj^j^^ . . .rji^) on ZiJ^i, there exists a collection 
such that gr,o,r]i^^^,„rj,^ G {J^n (^^d 

Proof. The corollary follows from the direct application of Proposition 13.331 for the 
collection {5'r),+i;r),;^j...??ij. } from Corollary 13.391 and the patching system {Z}:^^^ ^. ^}, 
1 < r < / from Proposition 13.401 □ 

Now we are ready to define the needed adele g G A{{iQ . . .ip),J^^). Let 
Vo---ViVi,+i---Vip be a flag of type (zo • • • v) on X. Then we put g^o■■■VlV^^+l■■■r|^p = 
9r,o\{mi+^-mp) if Vk+i • • • ?7ip is a flag on Zi+i and 7]r G {Zl.p)^'^'> for all 1 < r < /. Otherwise 
we put gr,o...mvn+,-riv = 0- 

For any flag rjo .. .rjk of type (io • • • 4), < A; < / on X, we put -D^^..^^. = D. For any 
flag ?7o • • • ViVii+i ■■■Vik of type (zq . . . ifc) on X, / + 1 < A; < p, we put Dno...^irH^^^...n^ = 
Drj .„^„ if r]i ...Tji^ is a flag on Z^+i. Otherwise we put D^,,...^;^^ ...^^ = 0. 

By Proposition 13. 40[ the system of divisors Z).^(,...^^, < A; < p on X satisfies condition 
(*) from Proposition 12.141 By Corollary 13.411 the distribution g satisfies the adelic 
condition with respect to the system of divisors 0^0. ..r^,^, < k < p on X and we have 

This concludes the proof of Lemma I3.37[ □ 



3.6 Explicit cocycles 

In this section we construct explicitly certain cocycles in the adelic complex correspond- 
ing to the given cocycles in the Gersten complex. Suppose k is an infinite perfect field, 
is an l.a.f. homology theory over k, X is an irreducible smooth variety over the 
field k, and F C X is an equidimensional subvariety of codimension p in X. Consider 
a collection {fy} G Fm{k{y)) such that {/^} is a cocycle in the Gersten complex 

Gers{X, F^,p + m)* on X. By Remark 13.311 there exists a patching system {F^.^'^}, 
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l<r<p— lonX for the subvariety Y with the freedom degree at least zero. We put 

Y^ = Y. 

p 

Proposition 3.42. There exists an adele f = [{fy}] € A(X, JF^^)p such that f is a co- 
cycle in the adelic complex A(X, JF^^)' with i^x{f) = {fy}, where vx '■ ^{^^^p+mY ~^ 
Gers{X, F^:,p + m)' is the morphism from Theorem \3.34\ and f satisfies the following 
conditions for any flag rjig ■ ■ ■ rjij, on X: 

(i) fm^.-m^ = unless r]i^ G Y^} for allr,l <r < p; 

(a) suppose that r]i^ ^ Y^ , r]i^ e Y} , r]i^ ^ Y^ for all r,l < r < p — 1 and iji^ G Y; 
then fr,i^...r,,^ = fri.p G Fp+rn{k{X)) , whcrc frfi^ depends only on rji^ and satisfies the 
condition dr^^^VxYl...Y^ ~ {fy}mp- Here drj^^ is the differential in the Gersten 

resolution on X^. = Spec(Ox,j?i ); the notation i^xy^...y^ ^o^s introduced in Sec- 
tion \3.4\ and the index rji^ by a collection means that we consider the restriction of 
the collection to X„ ; 

'hp ' 

(Hi) we have sing(z/jfy^i yi C Y^ U Y^ for all r,l < r < I, where I is the 

depth of the type [iq . . . ip). 

Remark 3.43. Since d{f) = 0, we have i^o...{i+i){d{f)) = for any integer /, < / < p — 1. 
Exphcitly, for any flag rji^ ■ ■ ■ Vip^i+i of type (^i . . . ip-i+i) on X with ii > I, we have 

p-i+i 

= d,,^Uo..,{ J2 Vol.../.,,. e © Fp+rn-l-Mv)), (**) 

where for any flag $ of type T on X, the index (0 . . . /$) means that we consider the set 
of all flags t]q . . . rji^ of type (0 . . . IT) on X with the fixed T-part 



Proof of Proposition \3.4S\ We define the components of the adele / by decreasing in- 
duction on the depth I, —1 < / < p of the type of a component. Moreover, we enlarge 
the induction hypothesis by condition (**). 

Let rjo . . . rip-iTji be a flag on X with the type depth I > p — I, i.e., i > p. \i rji ^ Y, 
then we put frio...r]p^ini = 0. Suppose that rji G Y. Then, by Proposition 13.331 there 
exists an element G Fp+m(A;(X)) such that sing(z/^y^i y^i^^(/^-)) C U Y^?' for all 
r,l < r < p — 1 and 

dv^^XYl...Y^^_Sfv^) = {fy}v^ ^ S Fm{k{r])). 



We put frfo...Tip-ir]i = (— 1) 2 /^^ if rjr is a generic point of some irreducible component 
of Yj^ for all r, 1 < r < p — 1. Otherwise, we put /r,o...»7p_ir?i = 0. It is readily seen that 
conditions (z), (u) are satisfied for the defined above (0 . . .p — 1, z)-type component of /, 
and also condition (**) holds for I = p — 1 and any flag rji-^rji^ of type (^1^2) on X such 
that ii > p — 1. 
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Now we do the induction step from / + 1 to /, < / < p — 2. Let rjo . . . rjirji^ . . . rii^_^ 
be a flag of type {0 . . .lii . . .ip-i) on X, zi > / + 1. If rji^ ^ then we put 

frio---viVii-rii I = 0- Suppose that rji^ G i^^+i- Then, by the inductive assumption and 
by Proposition 13.331 apphed to the patching system {1^^^'^}, 1 < r < / on X for the 
subvariety Y^_^^ and the point r^j^, there exists an element fni^...rii ^ ^ Fp^mik{X)) such 
that sing(z/j(^y^i J) C U for all r, 1 < r < / and we have 

We put fr,o...riir]i^...r]i ^ = fr]i^...r}i ^ if Vr IS ^ gcucric polut of somc Irreduciblc component 
of Yj^ for all r, 1 < r < /. Otherwise, we put fnQ...riirii^...rii ^ = 0. 

In the above notation suppose that rji^ ^ 1^^^ for some r,l < r < p — I. Since for 
any j, 1 < j < r, we have rji^ ^ Yf^^. and for any j,r < j < p — I, we have rii^_i 4- ^i+ri 
by the induction hypothesis, we get that /o.../+iT;ij...r)i,...r)i ^ = for any j,l < j < p — I. 

Therefore we may put f-qi^...rii ^ = and hence the (0 . . . /ii . . . 'ip_i)-type component of 
/ satisfies condition (z). 

Further, suppose that r/j^ G Y^_^,^, rji^ ^ F^^^ for all r, 1 < r < p — 1 and rji^ G Y; then 
rji-^ ^ Yi^2 ^iid, by the inductive hypothesis, fo...i+irfi^...fji....rii ^ = for all j, 1 < j <p — I 

and /o...i+ir7„...r,, = /r7, where , G Fp+m(fc(-^)) satisfies condition {ii). Therefore 
we have the condition 

By the inductive hypothesis, we have sing(z/;jfyi yi ifr,.^ )) C l^^i U Yil^. Therefore we 

may put fr^^^^.r^i i — fm i hence the {0 . . .Hi . . . ip-i)-tYpe component of / satisfies 
condition (ii). 

As above, it is a trivial check that condition (**) holds for / — 1 and any flag 

Tji^ . . . of type {ii . . . ip-i-i) on X such that ii > I — 1. 

p 

Finally, we put U^...^,^ = "^{-lY fov^o-%-v.p any flag r]i^ . . . r]i^ of type (zq . . . ip) 

j=0 

on X with io > 0. By the induction hypothesis, we have fni^...r,i^ G {^p+m)viQ- The 
same reasoning as above shows that conditions {i) and {ii) hold for the (io • • • v)-type 
component of /. 

Since sing(/^.^...^-^) C Y^UY^ for any flag rji^ ■ ■ ■ rji^ on X, we see that the distribution 
/ satisfies the adelic condition with respect to the constant system of divisors U Y-^. 
Thus we have defined the needed cocycle / G A(X, JF^^)p. □ 

The following claim is necessary for the proof of Theorem 14.221 

Claim 3.44. Under the above assumptions, consider a schematic point rj eY and sup- 
pose that the cocycle {fy}r] £ Gers^X^j, F^,p + my in the local Gersten resolution on X^ 



01...i+lr?i^...77i, 



p+m—l—1 
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is the restriction of an element a G Fm(F^). Then the element G Fp+m(A;(X)) in con- 



dition (a) from Proposition 3.42 may be chosen such that the collection c?r?^xy/...yi j^ifv) 
is the restriction of an element ar G Fp+m-riiXr U '^r)v) /^^ all r,l < r < p — 1. More- 
over, for all r,l < r < p — 1, the restriction of ar to Fp^rn-r{iyr)v\^r) equal to the 
restriction of an element from Fpj^rn-r{iyr)v\0^r+i U ^r+i)) '^^'^ restriction of Up^i 
to Fp^i{{Yp_^)r^p_i) is equal to the restriction of an element from Fpj^i{{Y^_^)rl\Y) . 

Finally, is the restriction of an element G Fp_|_m(X^\(Y'/ U Y^)). 

Proof. The proof is by decreasing induction on r, 1 < r < p — 1. 

Suppose that r = p — 1. Since {K/'^} is a patching system with the freedom degree 
at least zero, we see that the natural maps Fm(F^) — > Fm{{Y^_^)r^) and Fm{Yj^) — > 
-Pm((^-i)j?) are equal to zero. Hence there are elements ap_i G i = 1, 2 

such that their coboundary is equal to a G Fm(yj,). The localization sequence associated 
to the closed embedding (l^Li H Yp_^ ^ IpLi U Yp_i) implies that both elements ap__i 
and ap_i are restrictions of an element ap-i G U Yp_{)n). 

The induction step from r + ltor, l<r<p— lis analogous to the case r = p — 1 
with the subvarieties Y and Y^f^ replaced by the subvarieties Y^__^i U Y^^^ and Y^''^, 
respectively. At the end, for r = 0, we repeat the same with Y and Y^^^ replaced by 

U Y^ and X, respectively. □ 

Remark 3.45. The condition from Claim [3^441 is satisfied for all i] G X^p\ Indeed, in this 
case one puts a = G Fm{k{r])) = Fm(F^). 

Definition 3.46. Let {fy} G Gers{X, F^,,p + my be a cocycle in the Gersten complex, 
and {Yj}^'^}, l<r<p — Ibea patching system on X for the support Y of {fy} with the 
freedom degree ar least zero; then a cocycle [{fy}] G A(X, Tpj^^^ is called a good cocycle 
for {fy} G Gers{X, F^,p + mY with respect to the patching system {Y^'"^}, 1 < ^ < p — 1, 
if it satisfies all conditions from Proposition 13.421 and Claim |3311 (for each point rj eY). 

It follows from Proposition 13.421 and Claim that good cocycles always exist. 

Claim 3.47. Let X he a smooth variety over an infinite perfect field; then for any cocycle 
{fy} G Gers{X, F^.mY in the Gersten complex and a patching system {Y^'"^}, 1 < r < 
p — 1 on X for the support Y of {fy}, there exists a good cocycle [{fy}] G A(X, JF^)^ for 
{fy} with respect to the patching system {Y^'"^}. 



The next technical lemma illustrates the freedom of choice in calculations with adeles. 

Lemma 3.48. Let X he a smooth variety over an infinite perfect field and let the collec- 
tion {fy} G Gers{X, F^.,mY he supported on an equidimensional suhvariety Y d X . Sup- 
pose that d{fy} = {fy}, where {fy} G Gers{X, F^:,my~^ . Suppose that f G A(X,JF^)p 
is such that i^x{f) = {fy} and fu = 0, where fu G A(f/, JF^)^ is the restriction of f 
to U = X\Y . Let {Yj^'"^} he a patching system on X for Y ; then there exists an adele 
f G A(X, JF^)P~^ such that df = f, i^x{f) = {fy} and fu is a good cocycle on U for 
{fy}u ^ Gers{U, F^,,my~^ with respect to the restriction of the patching system {Yj^'"^} 
to U. 
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Proof. We put B' = Ker{ux : A(X, J"^)' ^ Gers{X, F^m)'). Since by Lemma [pSl 
z/x is surjective, we see that ^he complex B* is exact^ by Theorem 13.341 Let fi G 
A(X,^^)f-i be such that = {h}- We have Wi) -/) = and z/^ Wi) -/) = 

0, hence there exists h E B^^^ such that dh = d{fi) — f. The adele f2 = fi — h satisfies 

dh = /, Mh) = {fy}- 

If p = 1, then the adele {f2)u is a good cocycle for {fy}u ^ Gers{U,my~^ on 
U. Suppose that p > 2. Let G A(f/, JF^)^"^ be a good cocycle for {/y};/ G 
Gers{U, F^:,my~^ with respect to the restriction of the patching system {1^^^'^} to U. 
We have duih - {f2)u) = -fu = 0, i^uifs - {f2)u) = 0. Therefore there exists h G 5^"^ 
such that du{h) = /s — (/2)c/- Here we put = ker(i/[/) and du denotes the differential 
in the adelic complex on U. Let h' G A{X,J-'^y~^ be the extension by zero of h from U 
to X, i.e., we put h'^^ = /i,,o...r,p_2 if Vo ■ ■ ■ Vp-2 is a flag on U and, otherwise, we put 
^'rio---vp~2 ~ ^ (^^^ Corollary \2.7U )). It follows easily that h' G 5^"^ and the restriction 
of h' from X to f/ is equal to /i. Thus the adele / = /2 + c?/i' G A(X, jFj^)^"^ satisfies all 
needed conditions. □ 



4 Applications to iT-cohomology 

4.1 Generalities on i^-cohomology and ii'-adeles 

Recall several standard facts on sheaves of i^T-groups and i^-cohomology. 

Consider a weak homology theory for Noetherian schemes given by = K[. The 
corresponding Zariski homology sheaves will be denoted by /C^, n G Z. We put 
Gers{X,n)* = Gers{X, K'^,ny , i.e., Gers{X,ny = Kn-pikijj)). For a scheme 

X and an integer n > 0, let /C^ be the sheaf associated to the presheaf given by the 
formula U i— > KniU) for any open subset U G X, where KniU) = Trn+i{BQV{U)) and 
V{U) is the exact category of coherent locally free sheaves on U. The Zariski cohomology 
groups H*{X,IC^) are called the K-cohomology of X. Evidently, there is a morphism 
of sheaves IC^ — ^ i^'n)^ > 0, which is an isomorphism if X is regular and 

separated. The sheaf /C"^ = is the sheaf of supercommutative associative rings. 

n>0 

Any morphism of schemes f : X ^ Y defines a homomorphism of sheaves of algebras 

For any integers m,n > 0, there is a morphism of complexes of sheaves Gers jX, m)*® 
~^ Gers jX, m+n)' given by the formula {fri}®g ^ {/jy'^JJS'lj where i* is the natural 
morphism of sheaves i* : JC^ — > {irj)^Kn{k{ri)), ijj : f] ^ X. Thus the complex of sheaves 
Gers jXY = Ger_s{X, my is a right module over the sheaf of associative rings JC^ and 

m>0 

the natural morphism (^m)"^ ^ Gers(X)* is a homomorphism of /C "^-modules. For 

any proper morphism / : X F of irreducible schemes, there is a canonical morphism 

of complexes of sheaves i?/*Gers(X)'[(i] = /*Gers(X)*[(i] — ^ Gers(y)', where (i = 
dim(/) = dim(X) — dim(y). The projection formula tells that this morphism is a 
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homomorphism of /C -modules via the homomorphism /C — /*/C . Therefore general 
properties of resolutions of sheaves imply the following fact. 

Lemma 4.1. Let f : X ^ Y be a proper morphism of schemes. Let Oi G 
HPHX, Gers iXY) = RpHY, RL Gers (X)'), k G miY.K/), 2 < i < k be classes 
in K-cohomology groups such that their k-th higher product mk{ai, 62, • • • , is well de- 
fined, where we consider Rf^ Gers (X)* as a module over KX via the homomorphism 
KX Rf^^K^ . Then the higher products mk{ai, f*{b2), ■ ■ ■ , f*{bk)) and 

mjt(/^,(ai), 625 • • • 5 bk) are also well defined and there is an equality 

fMkiai, nb2), . . . , rib,))) = (-l)'^(P^+-+^'=)mfc(/,(ai), 62, • • • , h). 

Remark 4.2. An alternative, more direct, way to show Lemma [4.11 for smooth varieties 
over an infinite perfect field is to use Theorem 13.341 and the adelic projection formula 
from Proposition 12.241 

Remark 4.3. Let us recall that Massey higher products for a right DG- module M* over 
a DG-ring A' are defined via the higher differentials in the spectral sequence associ- 
ated with the Hochschild bicomplex (M* {A*)^^p~^^)'^ . More precisely, Massey higher 
products have the form 

rrik : {H''{M') (g) H'^{A') ® . . . ® H^'iA'))" °(if^i+-+»fe-'=(M')), 

where for a group G, the notation {G)° means that we take a certain subgroup in G and 
°{G) means that we take a certain quotient of G. In particular, for a sheaf of associative 
algebras ^ on a topological space X and a sheaf Ai of right modules over A, there are 
Massey higher products in cohomology groups H'{X, A) and H'{X, 7V1); to define them 
one should take multiplicative resolutions for sheaves A and on X (e.g., Godement 
resolutions), see more details in |6]. 

If X is a regular scheme of finite type over a field, then /C^ = (K,'^)-^ , the complex 
of sheaves Gers jX, n)' is quasiisomorphic to /C^, and H'^{X, }C^) = CH"'{X) for any 
n > (see [22j and also Proposition 13. 8p . 

By Section 12.11 the complex A(X, K.^)' is a DG-ring, any morphism of schemes 
f : X ^ Y defines a DG- homomorphism A{Y, K?^)* — * A(X, IC^)', and the com- 
plex Gers{X)' is a right DG-module over the DG-ring A{X, }C^)' . By Proposition 
12.241 for any proper morphism f : X ^ Y of irreducible schemes, the morphism 
Gers{X)'[d] — Gers{Y)* is a homomorphism of right DG-modules over A(y, /C^)* via 
the homomorphism A{Y,]C^)' — > A(X, /C^)*, where d = dim(/). 

Remark 4.4. It seems that there is no way to define a direct image map on the adelic 
complexes A(X, JC^)' for proper morphisms of smooth varieties. This fact can be already 
seen in the simplest cases of finite morphisms or a closed embeddings. Nevertheless it is 
expected that there exists a complete version of ii'-adeles such that the complete adelic 
complex would have a (non-canonical) direct image map. Also, completed A'-adeles 
should correspond to the global class field theory of arithmetical schemes, see [20] • Some 
particular cases were treated in [IB]. However the "complete" theory is still to be built. 
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Remark 4.5. It follows from what is said above that for each p > 0, there is a canonical 
map ttp from Hp{A{X, /C^)*) to the bivariant Chow group (see IHI). In 

id 

addition, the natural map Pp : H^{X, ICp) A^^X — ^ X) factors through ap. 

Question 4.6. Does there exist a singular variety X such that the image Im(ap : 

HP{A{X, K^Y) Av{X ^ X)) IS strictly bigger than the image Im(/?p : Hp{X, ICp) 

A^{X X)), i.e., such that adelic cocycles define new elements in the bivariant Chow 
groups ? 

Now let us fix an infinite perfect field k and consider K'^ as an l.a.f. homology theory 
over fc, see Example I3.1H 1). Let X be an irreducible smooth variety over fc; then by 
Proposition 13.421 and Claim [H?^ for any algebraic cycle Y = Y^UiYi of codimension p on 
X, there is a good cocycle [Y] = [{ly}] £ /C^)^, where {ly} denotes a collection 

from ^ Z that equals G Z at the generic point rji of Yi for each i and equals G Z 

at all other schematic points r] G X^p\ Let us give two examples for adelic classes of 
subvarieties. 

Let D he a (not necessary reduced or effective) divisor on X, d = dim(X). For each 
schematic point rj E X, consider a local equation G k{Xy of Z) in = Spec(Ox,»7)- 
Evidently, s^/s^ G C'x.r; whenever ^ G rj. Thus we get a 1-cocycle [D] G A(X, /Cf )^ such 
that the (X?7)-component of [D] is for 7^ X and the (?7^)-component of [D] is Sj^/s^ 
for r/ 7^ X, e G r/, e 7^ ?7. By construction, the class of [D] in H\A{X, /Cf )') = CH\X) 
coincides with the class of D in the first Chow group under the map ux- In [9], [TT], and 
Corollary 14.231 it is proved that the intersection product in Chow groups coincides up to 
sign with the natural product in the corresponding i^-cohomology groups. Thus we get 
the following adelic formula for the intersection index of divisors Di, . . . , when X is 
proper: 

VO-Vd 

where the last identity follows from reciprocity law. This formula was proved by different 
methods first for = 2 in |2T] and for arbitrary d in [16]. We generalize the explicit 
computations from [21J and (TB] in the proof of Theorem 14.221 

The next example is the intersection of a 1-cycle C and a divisor D in the three- 
dimensional irreducible smooth variety X over k. We describe explicitly a 2-cocycle [C] 
in the adelic complex A(X, /C^)' that represents C. Let us choose an effective reduced 
divisor E with the following properties: for each schematic point 77 G X of codimension 
at least two in X, there exists an element G K2{k{X)) and a subdivisor d E such 
that sing(t^) C E and dnivxEr^iir))) = Cr^- Recall that I'xEr, denotes the residue map 
from K2{k{X)) to the direct sum of multiplicative groups of fields of rational functions 
on all irreducible components of Er^ (see Section . Cr, is the restriction of C to X^, 
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and is the differential in the local Gersten resolution on X^. The existence of such 
divisor E follows from Proposition 13.141 and Remark 13.311 Further, we define the adeles 
/oi2 and /oi3 such that fxEnv = ^ K2{k{X)), where tr, is as above. We put all the 
other components of /012 and /013 to be any elements from (/C^)r) = K2{Ox,ri)- For each 
flag r]^ of type (23), we have 

drj{jyXE^{Q/l^XE^m)) = 0, 

hence there exists an element G K2{k{X)) such that 

This defines the adele /o23. Finally, we see that for each flag iirj^ of type (123), the 
product /^^^ = fxri^fxji^fxfMr] belongs to (/C^)^ and is also an adele. Thus we have 
defined the cocycle [C] = f E A(X, /Cf')^ such that [C] represents the class of C in 
i7^(A(X, /C^)*) = CH'^{X) with respect to the map ux- From this we get the following 
intersection formula when X is proper: 

iD,c) = j^im ■■ k]iyx,,ds-,\f,,^} = Y.^m ■■ k]i^x,r,d-^-,\t,d, 

mi mi 

where, as above, is the local equation of the divisor D at the point ^ and /ir^^ ranges 
over all flags of type (123) on X. As in the previous case, the last equality follows from 
reciprocity law. 

Further, let us indicate a link between the adelic complex A(X, /C;f )' and coherent 
adeles. 

Proposition 4.7. Let X he a smooth variety over a field k; then for any n > 0, there 
is a natural morphism of complexes 

dlog: A(X,/C^)--^a(X,fi^)-, 

where a(X, ^Ix)' ^■^ complex of rational coherent adeles (see [7^ and fT^ , Proposition 
5.2.1) and the local component of this morphism for a flag rjo . . .r]p is equal to the natural 
map Kn{0,,) ni^j, (see 

Proof. Let us prove by induction on p that for any natural number p > 0, any subset 
M C S{X)p, and any open subset U C X, the map dlog : A(M, /C^) a{M, Q^) is 
well defined. Since the sheaf Qx is locally free, it is 1-pure and we may suppose that 
X\U = D is a divisor. 

Suppose that p = 0. We have A(M, /C^) = H i^n)v and A(M, %) = 

lim Y\ {VL\{lD))n and, by Lemma [4.81 we get the needed result. For p > 0, we have 

a{M,ni)= W a{,M,{Sll),)= J] lim a(,M, nj^^y), 
v&P{x) n<^P(x) ^ 
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where for each schematic point rj G P{X) the hmit is taken over all open subsets V <Z X 
containing rj (for the second equality we use that the adelic functor commutes with direct 
limits of quasicoherent sheaves). Since the same equality holds for the adelic groups for 
the sheaf JC^ , the induction step is proved. □ 

The author is grateful to C. Soule for explaining the proof of the following lemma. 

Lemma 4.8. Rational differential forms from the image of the map Kn{k{X)) — > ^"^(^xyt 
have pole of order at most one along each irreducible divisor D d X . 

Proof. Let us recall the construction of the map Kn{R) — > f^^/^ properties. There 

are universal classes c„ G lim H"'{GLm{R),^^/^), where the limit is taken over m > 0; 

they define the canonical maps Kn{R) — > Hn{GL{R), Z) '^^^ map c„ is trivial 

on Hn{GLn-i{R),1'). Moreover, the composition R* x . . .xR* ^ Hi{GLi{R),Z) x . . . x 
Hi{GLi{R),Z) HniGLniR),Z) H^{GL{R),Z) ^ n^^^ is given by the formula 
(ri, . . . , r„) 1-^ ^ A ... A Since one may suppose that dimX > 0, the field F = k{X) 
is infinite. By the results of Suslin, see [25], there is an isomorphism Hn{GLn{F),7j) = 
Hn{GL{F), Z) and the natural map constructed above F* x . . . x F* — > Hn{GLn{F), Z) 
induces an isomorphism K^^ (F) = Hn{GLn{F),Z)/ Hn{GLn-i{F),Z). Since for any 
non-zero rational functions /i, . . . , /n G k{X)*, the differential form ^ A . . . A has 
pole of order at most one along each irreducible divisor D G X, the lemma is proved. □ 

Remark 4.9. It follows from [25] that for any field F the natural composition K^{F) —>■ 
Kn{F) ^ fi-/^ is given by the formula {/i, ...,/„} ^ - 1)!^^ a ... A ^. 

Remark 4.10. There is an equality dlog(/ ■ g) = — dlog(/) ■ dlog((?), where 

/ G A{X,IC^)', g G A{X, IC^y , and in the right hand side we consider the product in 
the DG-ring a(X,fi^). 

n>0 

Remark 4.11. Let Y be an algebraic cycle of codimension p on a smooth variety X over 
an infinite perfect field k. Then there is an explicit construction for the class of Y in the 
rational adelic group a(X, Indeed, one should take the image under the map dlog 

of the explicit (good) class [Y] of Y in A(X, /C^)^ constructed in Proposition 13. 42[ 



4.2 Euler characteristic with support for iT-groups 

The construction and the results of this section are needed for the proof of Theorem 
14.221 given in the next section. These results are not new; for example, they follow from 
Waldhausen i^-theory of perfect complexes, developed in [26] or they may be obtained 
by using i?-spaces constructed in [3]. However the author did not find a reference for an 
explicit construction, that is why this section is written. 

By QS denote the loop space of a pointed space {S, Sq). Let / : (X, xq) — ^ (^, Z/o) be 
a continuous map of pointed topological spaces. Consider the mapping path fibration 

M(/) = {ix,^)\xeX,^:I^Y, V9(0) = /(x)}. 
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where I is the interval [0, 1]. Recall that the homotopy fiber F{f) is the fiber over 
of the natural map M(/) — * F, {x,ip) t-^ V'(l)- Notice that F{f) and M(/) are pointed 
spaces with the point (xq, v^o), where is the constant map to uq. There is a natural map 
VLY —>■ F{f), defined by 7 t— > (xo,7). Moreover, the composition QX —>■ QY F{f) is 
canonically homotopic to the constant map to (a;o,V'o) ^ F{f). Indeed, the homotopy 

G-.nX X I ^ F{f) 

is given by 

(7,t) ^ {-f{t),(pt), 

where ipt{s) = (/ o 7)(t + s(l - t)). 

Let be an exact category, S3 be the exact category of exact triples of objects in 
Ai. The exact functors 

{0 ^ M' ^ M ^ M" ^ 0} ^ (M', M") 

and 

(M', M") {0 ^ M' ^ M' © M" ^ M" ^ 0} 

induce the maps BQS^ BQM x BQM and BQM x BQM —> BQS3, respectively. 
The well-known result of Quillen says that these two maps of pointed spaces are homotopy 
inverse (see [22], Theorem 2). Furthermore, let A4' and A4" be two exact subcategories in 
A4 and let be the category of exact triples in Ai such that in the above notations the 
object M' is in A4' and the object M" is in A4". Then, analogously, BQE!^ is homotopy 
equivalent to BQM' x BQM". 

In what follows we suppose for simplicity that M is an abelian category (which is 
enough for further applications). 

Lemma 4.12. Let Cn be the exact category of length n complexes of objects in M 
and let Sn be the full subcategory in Cn consisting of all exact complexes. We put 
B^ = Im(M*~^ — > M*) for a complex M* . Then the natural maps BQCn — > BQM^^^ , 
BQSn BQM^ induced by the exact functors 

{0 ^ M° ^ . . . ^ M" 0} ^ (M°, . . . , M"), 

{0 ^ Af° ^ . . . ^ M" 0} ^ (S\ . . . , E'^), 

respectively, are homotopy equivalences. Moreover, the following diagram of pointed 
spaces is commutative up to homotopy: 

BQSn — > BQM" 

BQCn BQM''+\ 

where the horizontal maps are as defined above, the left vertical arrow is the natural 
inclusion, and i is induced by the exact functor 

{B\ ...,B'') ^ {B\B^ ®B\..., 5"-^ © 5"). 
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Proof. We follow the proof of Theorem 1.11.7 from [2S]- Nevertheless we do not use the 
language of i^T-theory spectra of Waldhausen categories. 

The proof is by induction on > 3. The case n = 3 is the result of Quillen mentioned 
above. For arbitrary n > 4, consider the natural inclusions of categories Sn~i ^ £n and 
M. "-^ £n given by the functors 

{0 ^ M° ^ . . . ikf^-i ^ 0} ^ {0 ^ M° ^ . . . ^ M'"-^ ^0^0} 

and 

Mh^{O^O...^O^M-^M^O}, 

respectively. The category £n is equivalent to the category of exact triples in that 
start with an object from £n-i ^ £n and end with an object in £^2 = "-^ £n- Indeed, 
the explicit equivalence is given by the functor 

M* ^ {0 ^ r<(„_i)(M') M* ^ {0 ^ 5" ^ fi" ^ 0}}, 

where r<j is the usual truncation functor associated to the canonical filtration on com- 
plexes. Thus, applying the result of Quillen modified above, we get that BQ£n is homo- 
topy equivalent to BQ£n-i x BQ£. Combining the explicit view of this homotopy and 
the inductive hypothesis, we get the desired result for £n. 

The analogous reasoning leads to the needed result for C„. In this case we should 
replace the canonical filtration on complexes by the "bete" filtration and consider the 
inclusion of categories M. "-^ Cn given by the functor 

M {0 . . . ^ ^ M ^ 0}. 

Finally, for any exact complex M* from we have the exact sequences 

^ 5' ^ 5*+^ ^ 

for all < i < n. It follows from the proof of Corollary 1, §3, [22] that this leads to the 
needed homotopy equivalence in the diagram from the lemma. □ 

Let F be the homotopy fiber of the natural map BQ£n BQCn and put KAT = 
flBQM for any exact category Af. 

Corollary 4.13. The inclusion of the categories M. "-^ Cn given by the functor M 1— 
{0 — > M ^ ^ . . . — s> 0} induces the map K.Ai KCn F such that the composition 
is a homotopy equivalence. 

Proof. Let us compute the induced map on homotopy groups. By Lemma I4.12[ for each 
i > 0, there is a commutative diagram 

^l^{K£n) n,+i{BQMT 

i i i* 

7r,(KC„) — . TT,,+,{BQMr^\ 
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where the horizontal arrows are the isomorphisms induced by the maps described in 
Lemma [4.121 Thus there is a canonical isomorphism vrj(F) = 7ii^i{BQAi) given by the 
alternated sum of projections ni^i^BQAi)^"^^ ni^i{BQAi). Moreover, the composi- 
tion 7Ci+i{BQM) = TiiiKM) ni{KCn) 7ii{F) = n,+i{BQM) is the identity map. 
Since by Milnor's result, KA^ has the homotopy type of a CW-complex, we conclude by 
the well known theorem of Whitehead. □ 

By A^(S') denote the abelian category of coherent sheaves on a scheme 5". We put 
SniS) = £n, Cn{S) = C„, F{S) = F, and K(^) = KM for M = M{S). 

Proposition 4.14. Let S be a closed subscheme in the scheme T and let Cn{T, S) be a 
full subcategory in Cn{T) consisting of complexes whose cohomology sheaves have support 
on S, i.e., complexes whose restriction to T\S is in £n(T\S). Then there exists a well 
defined up to homotopy the "Euler characteristic with support" map x '■ KC„(T, S) — >• 
K(5') with the following properties: 

(i) the induced homomorphism x* '■ KQ{Cn{T, S)) — > Kq{S) is equal to 

n 
1=0 

where J-'' is in CniT, S) (here we imply the canonical isomorphism Kq{S) = Kq{S), 
induced by the closed embeddings Sred ^ S and Sred S , where S is any closed 
subscheme in T such that Sred = Sred)! 

(a) X commutes with the direct image under closed embeddings; namely consider a 
closed subscheme i : T' ^ T and put S' = S x^T' . Then the following diagram of 
pointed spaces is commutative up to homotopy: 

KC„(r,S) ^ K{S) 

KCniT',S') ^ K{S'); 

(Hi) X commutes with the restriction to open subsets; namely consider an open subset 
j : U ^ T and put V = S U. Then the following diagram of pointed spaces is 
commutative up to homotopy: 

KCn{T,S) ^ KiS) 
I f I f 

KC„(f/,y) ^ K{V). 

Proof. The natural map KC„(T, S) — F{T\S), defined by the diagram 

KCn{T,S) KSn{T\S) 

i I 
KC„(T) ^ KCn{T\S) 

I I 
F{T) F{T\S), 
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is canonically homotopy trivial. Hence there is a well defined map 

KC„(r, S)^F {F(T) ^ FiT\S)} . 

On the other hand, by Corollary 14. 131 and by Quillen's localization lemma (see ^22j), the 
diagram 

K(T) — > K{T\S) 

i i 
F{T) — y F{T\S) 

induces a homotopy equivalence K(5') F {F{T) F(T\S)}. This defines the map 
X '■ KC„(T, S) K(S') uniquely up to homotopy. 

Now we prove (i), i.e., we compute explicitly x* on vro-groups. Consider a point 
[JF*] in KC„(T, S) corresponding to a loop in BQCniT, S) defined by a complex JF* from 
C„(T, S) in the standard way. There exists a homotopy inside BQCniT, S) between the 
loop [JF*] and the sum of loops 

[t-<(„-i)^-] + [{0 ^ . . . ^ 5" ^ 5" ^ 0}] + [H^{r-)\-n]]. 

In addition, [//"(JF*) [— n]] is homotopic inside BQCniT, S) to the sum 

{~ir[H^{D] + $^(-i)^[{o ^ ^ H-{r) ^ o}[-j]], 

i=o 

where the short complexes have support in degrees and 1. Continuing, we show by 
induction that the initial loop may be homotoped inside BQCn{T, S) to the sum of 
^(— l)*[if*(jF*)] and some loops in BQSniT). The classes of points in KC„(T, S"), cor- 
responding to loops in BQSniT), evidently have zero image under x* on vro-groups, and 
we are done. 

For the proof of iii) and (ui) one uses that the natural maps 

T'\S' = iT\S) XtT' ^T\S 

and 

U\V = iT\S) XtU^ T\S 

are closed embedding and open embedding, respectively. Also, one uses the fact that if 
in the commutative diagram of pointed spaces 

X — > Y 

i i 
Z — > W 

the vertical arrows are homotopy equivalences, then the diagram remains commutative up 
to homotopy after we take the homotopy inverse to the vertical homotopy equivalences. 

□ 
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Remark 4.15. A similar way to define the Euler characteristic with support on K-groups 
K^,{Cn{T, S)) — > K^:{S) is to use the i?-space construction from |3|, Section 1. Recall that 
for any exact category Ai, the space RJ^ has the same homotopy type as BQM. and 
the if-space RM. has a canonical inverse map, not just an inverse up to homotopy. Thus 
there is the Euler characteristic map RCn(T,S) RM.{T) such that its composition 
with the natural map RAi{T) RAi{T\S) is canonically homotopy trivial. This gives 
a well defined map RCniT, S) — > RAi{S) up to homotopy. 

Now consider a complex V* from Cn{T,S) such that V consists of flat sheaves on 
T. Let the map * ■ V : K(T) K(S') be the composition of the map induced by 
the exact functor * V : M.{T) Cn(T, S), J-" i-^ JF V and the map x '■ 
KC„(T, S) —>■ K(S') from Proposition l4.14[ The map *-V* is well defined up to homotopy. 
A standard argument shows that the maps * • V and * ■ {V')' are homotopy equivalent 
for quasiisomorphic complexes V* and {V')*. By Proposition I4.14l (i). for any class [JF] 
from K'o{T) we have [J^] ■ V = ®Ot 'P') e K'^iS). 

Proposition 4.16. Let V* he a finite flat resolution of Os on T (here the complex V* 
has support in non-positive terms) and suppose that T admits an ample line bundle (for 
example, T is quasi-projective) . Then the map * -V is homotopic to the map f*, where 
f : S ^ T is the closed embedding (see J2^ . §7, 2.5). 

Proof. By Quillen resolution theorem (see [22], §4, Corollary 1), the space BQM.{T) 
is homotopy equivalent to its subspace BQJ^(T), where JF(T) is the exact category of 
coherent sheaves on T that are Tor-independent with Os- For BQT{T) we have the 
exact sequence of functors from JF(T) to C„(T, S) 

^ r^o(* ®Ot 'P') * ®Ot V ®Ot ^ 

where we put 

= {. . . ^ ^ . . . ^ 5° ^ 0}, 

for any complex A' . It follows from the proof of Corollary 1, §3, [22] that the map 
K(* V) is homotopic to the map K(r<Q(* ®Ot P*)) + K(* ®Ot ^s)i where the sum 
is taken with respect to the natural i/-structures on K-spaces of exact categories. More- 
over, the image of the map K(r<Q(* V')) is in the space K(£^„(T)) C K(C„(T, S)) 
and the map K(>k Os) equals /* on K(jF(T)). This concludes the proof. □ 

Remark 4.17. For the elements from K^{T), the map * -V* is equal to the composition 
of the usual restriction to S with multiplication by X'fll'^']) ^ ^oi^)- 

Proposition 4.18. Let i : T' ^ T be a closed embedding and put S' = S x-p T' , 
j : U = T\T' "-^ T, V = S Xt U . Consider arbitrary elements x G Km{S), y G K'^{U), 
where m,n > 0, m + n > 1. Then we have 

u{x ■ {y ■ V')) = i-irx ■ {u{y) ■ z*V') G K'^^^^,{S'), 

where v : K'^{U) — > Kl_^{T') denotes the usual boundary map (the same for V and S' ). 
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Proof. By Proposition \4.14t n).(ni). both squares in the following diagram of spaces are 
commutative up to homotopy: 



K(P(S)) AK(T') K{S') 
i X id I i^, 

K(P(5))AK(T) *'^* K{S) 
I f X id i J* 

K(P(S)) A K(f/) *'^* K{V), 

where V{S) denotes the exact category of locally free coherent sheaves on S and "A" 
denotes the wedge product of pointed topological spaces. Thus rest is a direct application 
of Theorem 2.5 from [TT]. □ 

Let us mention the following simple fact. 

Lemma 4.19. Let S "—>■ T be a closed embedding, S^ed be the reduced scheme, j : 
Sred S be a natural embedding. Then o Ured = ^, where v : K[,{T\S) — > Kl_i{S), 
Ured '■ Kl(T\S) Kl_i{Sred) d^c thc boundary maps. 

Proof. This follows immediately from the commutativity of the diagram of CW-spaces 

BQM{Sred) ^ BQM{S) 
i _ i 

BQM{T) BQM{T) 

i _ i 

BQM{T\Sred) ^ BQM{T\S) 

after we pass to the long homotopy sequences, associated to the vertical sequences, which 
are fibrations up to homotopy. □ 

Lemma [4.191 implies the following statement. 

Corollary 4.20. Proposition 4. 18 remains true after we change the schematic intersec- 
tion S' = S Xt T' by its reduced part S'^.^^. 

Example 4.21. Let A; be a field, T be the local scheme (A^)(o,o) with coordinates {x,y), 

r = {xy = 0}^ S = {x + y = 0}, V = {Ot ^ Or}. Let f{x),g{y) be rational 
functions on the corresponding irreducible components of T' such that f{x) and g{y) 
have the opposite valuations at the origin. These functions naturally define an element 
a G K[{T'). We have a ■ i*V* = a/b G Ki{k), where a and b are the main parts of f{x) 
and g{y) in x and y, respectively. 
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4.3 Formula for product in i^-cohomology 

Let X be an irreducible smooth quasiprojective variety over an infinite perfect field, 
y, Z be two equidimensional subvarieties in X of codimensions p and g, respectively. 
Consider two cocycles {fy} G K^ikijj)) and {g^} G in the Gersten 

complexes Gers{X,p + my and Gers{X, q + nY, respectively. 

Suppose that the subvarieties Y and Z intersect properly. In addition, suppose that 
for any irreducible component w of the intersection W = Y H Z , the collections {fy}w 
and {gz}w are represented by some elements and Pw from the groups Km{Yw) and 
K'^{Z^), respectively (recall that the index w means the restriction of a collection to 
X^ = Spec{Ox ,w))- 

By Remark 13.311 and Remark 13. 32^ there are patching systems {y^,^'^}, 1 < r < p — 1 
and {Zl'"^}, 1 < s < g — 1 on X for subvarieties Y and Z, respectively, with the freedom 
degree at least zero such that the following conditions are satisfied: 

(i) for any s, 1 < s < g — 1, no irreducible component in F fl is contained in Z^; 

(ii) each irreducible component in Y^fj^ contains some irreducible component in Y, each 
irreducible component in Y^'"^, 2 < r < p — 2, contains some irreducible component 
in F^l,_iUF^^]^, and the analogous is true for the patching system Zj'^, 1 < s < g — 1; 
in particular, the subvarieties Yj^'"^ and Y meet the subvarieties Zj'^ and Z properly. 

Let / G A(X, )Cp_^j^y and g G A(X, IC^^^Y be good cocycles for the collections 
{fy} and {gz} with respect to the patching systems {F^^'^}, 1 < r < p — 1 and {Zj'^}, 
1 < s < g — 1, respectively, such that {F^.^'^} and {2']'^} satisfy two conditions from 
above (see Section [3^ . 

Theorem 4.22. Let V* Oy be a finite flat resolution of Oy on X . Under the above 
assumptions we have: 

z/x(/-^) = (-i)(^+™)n«--(/3--4n}e e Km+niKw)), 

where iz '■ Z X is the closed embedding (considered locally around w for each 
summand) and the bar over denotes the image under the natural homomorphisms 
Kra{Y^ Km{k{w)) for cach point w. 

Proof. Let rjo . . . r/p+g be a flag of type (0 . . .p + g) on X. By condition (z) from Propo- 
sition Ellll we have frio...rip ■ 9'qp...rip+q = unless rj^ is the generic point of an irreducible 
component of Y^ for all r, 1 < r < p — 1, r/p is the generic point of an irreducible com- 
ponent of y, ?7p+s is the generic point of an irreducible component of the intersection 
Y PiZ] for all s, 1 < s < g — 1, and ?7p+g is the generic point of an irreducible component 
of the intersection Y p[ Z. 

Suppose that the flag r^o • • • Vv+q ^^Joys this property. Combining the assumption on 
the patching systems {Y^'"^}, 1 < r < p — 1 and {Z]'^}, 1 < s < g — 1, condition {ii) 
from Proposition I3.42( and Claim we see that 

/r?o...r)p = G Kp^m{.Xr,\^{Y^ U Y^)) , grj^. ..rjp+q = grjp+g & -^g+n(-^r?p+,\(^l U Z^)) , 
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where 

d'npi^XY,\..Y^_,{fvp) = i-'^) ' fvp = {fy}vp^ 

dvv+,^xzl...zl_S9np+,) = 

Henceforth, i^o...p{f ' 9)vp-vp+, = ^XYl...Y^^_,r,pifvp Jvp+,)- 

We claim that the residue i^xy^...y\ rjpifvp ' 9vp+q) equal to the product 

p(p+i) ^ 

(-l)^~/r,p ■ ^;^pfl'r,j,+, e Km+q+n{k{T]p)), whcrc : Spec{k{r]p)) ^ X is the natural 
morphism (notice that rjp does not belong to Zl U Zf). This can be shown using Proposi- 
tionSHfirst with S = T = X^^, V = Os, T' = (F/ UF^^)^^ and then, inductively, with 
S = T = iY}\^, V = Os, T' = (l^Vi U for 1 < s < p - 1 (more precisely, for the 

induction step we use that the cocycles / and g satisfy the conditions from Claim [331!) • 
In addition, the product fr^^ ■ i'^Jjrip+q G Km+q+n{k{rip)) equals the restriction to 
Spec{k{rip)) of the product 

where iy : F ^ X is the closed embedding. Consequently, we have i^p+q{f ■ g)w = 
{—l)^^^i'Y,Ynzl,...,Yr\Z^ j^,wio^w ■ iygw) if w is the generic point of an irreducible compo- 
nent of the intersection W = Y n Z . Otherwise, Vp+q{f ■ g)w = 0. 

Let w be the generic point of an irreducible component of W . In what follows we 
consider all schemes on X locally around the schematic point w, i.e., we consider their 
restrictions to X^ = Spec(Cx,?i)), though we denote them by the same letter. Put 
Zq = X, = Z and hy is : Z] ^ X denote the natural closed embedding for each 
s, < s < g. By Proposition 14.141 and Corollary 14.201 the following diagram commutes 
up to sign (—1)™ for all s, < s < g — 1: 

K^^{Yn{zl\{zl^,vjzl^,))) ^ K{zl\{zl^,vj zl^,)) 
i i 

where the vertical arrows are the compositions of the boundary maps with the restrictions 
to open subsets and the horizontal arrows are the compositions of the map * ■ i*V* 
(respectively, * ■i*j^iV') with the multiplication on the right by the restriction of € 
KmiY) to the corresponding closed subsets in Y . Therefore, by Claim [3311 and Remark 
liTTl we get 

^Y,YnZl,...,Yr\Z'^_^,w{c^w ■ iYQw) = ^Y,Yr\Zl,...,YnZ]^_^,w{(^w ■ {gw ■ "P')) = 

= a. ■ ((-1)-V^^i...^._^^(5^^) ■ e^V) = (-l)™«+^a^ ■ (/?. ■ 

Combining this with the equality ux = (— 1) ''''''''"2^''''' ' Up^g, we conclude the proof of the 
theorem. □ 
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Let {fy} G Gers{X,p + my and {g^} G Gers{X, q + n)^ be two Gersten cocycles as 
above with one additional property: for any irreducible component w of the intersection 
W = YnZ, the collection {gz}w is represented by an element from the group Kn{Zu;). 

Corollary 4.23. Under the above assumptions, the product of the classes of {gy} and 
{hz} in K-cohomology groups is represented by the Gersten cocycle 

where {Y,Z;w) is the local intersection index of Y and Z at the component w. In 
particular, the intersection product in Chow groups coincides up to sign with the natural 
product in the corresponding K-cohomology groups (the last assertion had been proved by 
different methods in [9] and fllf). 

Proof. The composition of the morphisms of complexes /C„((9x) A(-^)^n)* — ^ 
Gers jX, n)' is identity on the (hyper) cohomology groups. Therefore the product of 
the classes of Gersten cocycles in X-cohomology groups is represented by the image 
under the map ux of the adelic product of the corresponding adelic cocycles. 

On the other hand, we have {Y,Z;w) = ^(-l)*/(Torf'''"'(Oy,^, where /(•) 

i>0 

is the length of an C^.w-niodule, i.e., the length of a filtration whose adjoint quotients 
are one- dimensional vector spaces over the field k{w). Thus the lemma follows directly 
from Theorem 14.221 and Remark 14.171 □ 

Remark 4.24. If each generic point w of an irreducible component of the intersection 
W = Y n Z is regular on Y and Z, then the conditions of Corollary 14.231 are satisfied. 

4.4 Massey triple product and the Weil pairing 

In this section we apply the adelic resolution to computation of some Massey triple 
product. Let X be a smooth variety of dimension d over an infinite perfect field k. 
Consider elements a G GRp{X)i = Hp{X,)C^)i, (3 G CHi{X)i = H'^{X,}Cf)i, and 
/ G K-q) = Z such that p + q = d + 1. The triple (a, /, P) satisfies a ■ I = I ■ P = 

in i^-cohomology groups, hence there is a triple product 

ms{a, I, P) G H'^iX, }C,+,)/{a ■ H'^'^X, /Cf ) + H^-^X, JCf) ■ P). 

We compute this product explicitly. Let us represent the classes a G GHp{X)i and 
P G CH'^{X)i by cycles Y = J2i ' ^ = J2j ' '^v respectively, where Yi and Zj 

are irreducible subvarieties in X of codimensions p and g, respectively, and mi,nj G Z. 
Since p + q = d + 1, it can be assumed that the supports |F| = UjFi and \Z\ = UjZj 
do not intersect. Let {fy} G Gers{X,py~^ and {g^} G Gers{X,qy~^ be two collections 
such that d{fy} = lY, d{gz} = IZ and let F C X and Z <Z X he the supports of [fy] 
and {gz}i respectively. It follows the moving lemma for higher Chow groups (see [4| and 
also [15j) that for X either affine or projective, one can choose {fy} and {gz} such that 
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the intersections F fl | Z | and \Y\r\ Z are proper and the rational functions fy and gz are 
regular at all points from the intersections F fl |Z| and \Y\ D Z, respectively. For each 
point X G F n 1^1, we put f{x) = Yly f^'^'^\^)- Similarly, we define g{x) for each point 

xe\Y\n z. 

Proposition 4.25. Under the above assumptions, the triple product m^{a,l,l3) is rep- 
resented by the Gersten cocycle 

J2 f{x)-x+ J2 9'\x)-x) eGers{X,d + lY. 

x&Yn\z\ xe\Y\nz 

Proof. By Remark 13.311 and Remark 13.321 there are patching systems {yj,^'^}, {F^^'^}, 
{Zj'^}, and {Zl'"^} on X for subvarieties \Y\, Y, \Z\, and Z, respectively, such that 
the pairs of patching systems ({y^^'^}, {Zj'^}) and ({F^^'^j, {Zj'^}) satisfy conditions 
of Theorem 1121 Let [Y] e A(X,/Cp)P and [Z] E A{X,q)i be good cocycles for Y 
and Z with respect to the patching systems {F^^'^} and {Zl'"^} on X, respectively. By 
Lemma E3H1 there are adeles / E A(X, IC^Y'^ and g E A(X, /Cf such that df = 
l[Y], dg = l[Z], and the restrictions fu and gv are good cocycles for {fy}u and {gz}v 
with respect to the patching systems {Y^'^}u and {Zj'^jy respectively, where U = 
X\|F| and V = X\\Z\. By definition, 7713(0;,/,/?) is represented by the Gersten cocycle 
uxif-[Z]-i-inY]-g). Since ux{f-[Z]) = uui{f-[Z])u) find ux{[Y]- g) = uvUlY]- 9)v), 
we conclude by Theorem 14.221 and Corollary 14.231 □ 

Let X be a smooth projective variety of dimension d over a field k. Evidently, for 
any degree zero element a E CH'^{X), we have 7i^{a ■ H^{X, /Cf )) = 7i^{a ■ 0*{X)) = 1, 
where tt^: : /C^^) k* is the direct image map associated with the structure 

morphism vr : X — > Spec(/c). 

Proposition 4.26. The subgroup H'^-^{X, /Cf ) ■Pic°(X) C H'^{X, /Cf+J is m the kernel 
of the direct image map tt* : /C^^) k* . 

Proof. After the base change, one may assume that the ground field k is algebraically 
closed. Consider a i^'i-chain {fj} E Gers{X,dY~^ with J2j^^^ifj) — ^ group 
homomorphism Pic'^(X)(A;) k* given by /3 t-^ ^*i{fj} ' P)- We claim that this ho- 
momorphism is induced by a regular morphism from the Picard variety Pic°(X) to the 
algebraic group Gm and therefore is identically equal to 1 G fc*. 

For each j, by Cj denote the complement to the divisor of the function fj on Cj. 
For any closed point 7 E Pic'^(X), there exists a rational section s of the Poincare line 
bundle on the product X x Pic'^(X) such that the restriction to X x {7} of the divisor 
D = ^ rriiDi of the section s meets the curve G x {7} properly and this intersection 
is contained in Gj x {7}. Clearly, this condition holds for all closed points (5 from a 
sufficiently small open neighborhood U of the point 7 in Pic°(X). Let aij be the degree 
of the natural finite map Di fl [Gj x U) ^ U. We get a regular morphism 

7;f/^ JJSym'^-(C;)^G„, 
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where / = ]^^(Sym"'^ (/j))™'*. Moreover, for any point f3 & U, there is an equahty 

fiP) — Yl n where aij{x) is the intersection index of the divisor 

i,j xe(Di)anCj 

(A)/3 with Cj at a point x. Therefore by Corollary H^Sl n^Hfj} ■ P) = JW'^^" ■ This 
proves the needed statement. □ 

By Proposition 14.261 for any elements a E CH'^(X)i, (3 G Pic°(X)i, the direct image 
of the Massey triple product ma (a, /, [3) = 7r^,(m3(a, /, /?)) is well defined. 

Proposition 4.27. Suppose that I is prime to char(A;); then for any elements a G 
CH'^{X)i, (3 e Pic°(X)i, there is an equality 

where tpi is the Weil pairing between the l-torsion of Albanese and Picard varieties of X. 

Proof. Since both sides of the equality evidently do not change under extensions of the 
ground field, we can assume that the field k is algebraically closed. First, suppose that 
dim(X) = 1 and consider elements £, G Pic°(X);. Choose two adeles (in fact, ideles) 
f,g & A(X, /Cf)^ that correspond to C and A^, respectively. There are two adeles 
f,gE A(X, /Cf )° such that df = f \ dg = g^ (we write the group law for i^i-groups in 
the multiplicative way). By definition, we have 

m3{CJ,M) = Ylifx, 9Xx)xifxx,9x)x, 
x^X 

where (■, ■)x is the tame symbol in the discrete valuation ring Ox,x- We may assume that 
the supports of the divisors D = — div(/) and E = —div{g) do not intersect. In this case 
we get (j)i{C,A4) = fx{E) ■ gx{—D). This formula for the Weil pairing tpi{C,M.) of C 
and M. is well known. The proof can be found in [13], [IT], and [lO] (these three proofs 
use different methods). 

Now suppose that X is not a curve. Let i : C "-^ X he a. general (rf — l)-th hyperplane 
section of X. Consider two elements M G Pic°(C)/, C G Pic°(X);. The projection 
formula for Weil pairing (following, for example, from that for etale cohomology) implies 
that %lji{i^{M.) , C) = 'ipi{M.,i*{C)). The projection formula for Massey higher products, 
stated in Lemma SH], implies that (j)i{i^.{M), C) = (j)i{M,i*{C)Y~^^ ' . On the other 
hand, it is well known that the map i^, : Pic°(C)i — > Alh{X)i is surjective. Thus, by the 
previous step, we get the needed result. □ 

Propositions 14.251 and 14.271 imply the following formula. 

Corollary 4.28. Let the class a G CH'^{X)i be represented by a zero-cycle z = '^■mi-Zi 
and let the class (3 G Pic°(X); be represented by a divisor D such that z does not intersect 
with D. Suppose that div(5f) = ID with g G k{X)* and d{{fm}) = Iz, where d is the 
differential in the Gersten complex on X, f^ G k{Cm)* , and Cm are irreducible curves 
on X . Assume that for any m the rational function fm is regular at all points from the 
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intersection of D with Cm- Then in the notations from Proposition 4. 25 we have the 
following formula for the Weil pairing of a and C: 
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